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Earth System Models (ESM) have a diverse range of approaches when repres-
enting vegetation. These differences can lead to uncertainty in inter-model pro-
jections under climate change. Plant demography has been increasingly used by
Dynamic Global Vegetation Models (DGVMs) to compromise between tractability
within the ESM framework against the complexity of ecosystem dynamics.
The primary goal in this thesis is to further develop a new cohort DGVM: The
Robust Ecosystem Demography (RED) model. To do this, we review mathemat-
ical and modelling techniques that are used to describe the dynamics of forest
demography over time.
Demographic Equilibrium Theory (DET) is the notion that the size-structure
of forests can be sufficiently describe by the Metabolic Scaling Theory of growth
(MST) and mortality at equilibrium. This has been validated at scale using forest
inventory data in both temperate and tropical forests. The combination of DET
and allometry yields functions that can explain forest properties, such as total
carbon or growth density, and why such quantities are skewed towards the largest
individuals.
Using the assumptions of DET as a basis, we further develop RED to include
recruitment and competition. RED partitions plants into mass classes, where
MST dependent growth rates and plant mortality are applied. RED requires only
two inputs, total plant carbon assimilate and disturbance mortality. We split car-
bon assimilate by a fraction, α, into recruitment and, 1−α, into growing the plants.
Using MST we disaggregate plant growth onto each class. Seedlings are con-
strained by the area not occupied by competing plants, with successful recruits
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joining the lowest mass class. RED version 1 was driven by UKESM assimil-
ate rates globally, and can be calibrated to find the required mortality rates to fit
remotely sensed observations of plant coverage.
In RED version 2 we introduce a seed pool and improve the flux scheme,
which improves the realism of regrowth. We also adjust the competition by al-
lowing plant coverages to overlap, thereby introducing more realistic diversity into
the model. We simulate secondary succession from land-use abandonment and
size-dependent disturbances of drought and mortality.
Using the RED competition as a guide, we are able to build upon DET by
including a competition and recruitment for the lower boundary condition. Closed-
Form Demographic Equilibrium Theory (CF-DET) provides insight into how forests
are dependent on both their rate of recruitment and mortality. CF-DET suggests
forests may optimise certain variables, such as number density or plant height.
We also use CF-DET to infer tree demography from top-down site level and re-
motely sensed observations.
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Earth system models. Geoscientific Model Development, 13(9):4067–4089
This paper describes the Robust Ecosystem Demography Dynamic Global Ve-
getation Model. As first author I developed the numerical model, along with the
analytical equilibrium solutions, and conducted the global simulation within the
paper. The paper is copied and edited for chapter 3 in this thesis.
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rium Theory with the South American dataset (Figure 2.3 in chapter 2). This col-
laboration was centred on understanding the analytical solutions to the Fokker-
Plank equation for forests and the implications with regards to the RED model
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and Closed Form Demographic Equilibrium Theory (Chapter 5). In addition to
this paper there are elements, such as the allometric theory (section 2.2.1), first
produced in the original RED thesis Moore (2016).
Other areas of collaboration:
With RED version 2 we looked into improving the representation of plant diversity.
This involved a modification to the competition coefficients within RED (see sec-
tion 4.3). The original application of Maximum Entropy Theory of Ecology with
RED was conducted in collaboration with Mathilda Hancock, a postgraduate re-
search student at the University of Exeter. I contributed with my knowledge of the
mathematics (formulation of equation (4.14)) and of the RED model. The results
presented in section 4.3 are a further independent application of this theory, with
Figure 4.8 being estimated from table 4.2.
1 Introduction and rational of DGVMs and
Forest Demography
Rationale for Chapter
This chapter outlines the importance of interactions between the climate and ve-
getation. The chapter also presents a history of dynamic vegetation models up
to the emergence of Dynamic Global Vegetation Models (DGVMs). We review a
wide variety of DGVMs ranging from complex to simple modelling approaches,
and discuss the important role plant demography may play in addressing com-
mon DGVM deficiencies. From this discussion we build objectives for the rest of
the thesis.
Climate and human influences are important determinants in the geographic dis-
tribution of observed vegetation (Matthews, 1983; Brovkin et al., 1997). Yet the
interaction is complex, global forests are a major carbon store and also affects the
hydrological-cycle. A reduction in forest cover decreases water recycling, leading
to drier regions (Betts et al., 2004). The additional loss of biomass is a source
of carbon emissions and could lead to an acceleration of global warming (Cox,
2001; Friedlingstein et al., 2001). Therefore, the future climate is dependent on
how global vegetation responds to the anthropocene. To model these interac-
tions, we rely on using Dynamic Global Vegetation Models (DGVMs) within Earth
System Models (ESM).
Since the emergence of the first fully couple ESM, the range and detail of biogeo-
physical processes included has improved significantly (Arora et al., 2020). Ve-
getation plays an important role in the global biogeochemical and hydrological
cycle. Understanding the dynamics of forest ecosystems, how the populations of
plants change through time (through fecundity, growth and mortality), will there-
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fore better inform researchers and policy makers of the associated risks of an-
thropogenic land-use and climate change. Recent and historic dieback of forest
ecosystems have resulted in losses of biodiversity (Brook et al., 2003; Sahney
et al., 2010), social impacts (Olivero et al., 2017; Wright, 2017), and the release
of greenhouse gases (Houghton, 2005).
It is estimated that 3.4± 0.9 PgC yr−1 (±σ) of carbon was absorbed annually over
the last decade by the terrestrial sink, the superset of the sinks of plants and soil
(Friedlingstein et al., 2020). This sink represents almost 30% of annual anthropo-
genic carbon emissions, 11.5± 0.9 PgC yr−1. Yet the terrestrial sink remains one
of the most uncertain carbon sinks projected into the twenty-first century (Fried-
lingstein et al., 2014; Arora et al., 2020). Of the ESMs in CMIP6 (Coupled Model
Intercomparison Project) that include representation of biogeochemical cycles,
cumulative projected land-uptake ranged from 305 PgC to 1159 PgC by the end
of the 1pctCO2 experiment1, with the plant sink ranging being between 173 PgC
to 569 PgC. By comparison, the ocean sink has a much more constrained inter-
model range of just 597 PgC to 763 PgC. 1pctCO2 experiment does not include
the additional ecological forcing of land-use change. Indeed, including land-use
change through social economic scenarios could compound the uncertainty in
ESM runs (Gasser et al., 2020).
Climate and land-use change could potentially cause a significant loss of regional
forest ecosystems (Shukla et al., 2019). For instance, one key risk is Amazo-
nian dieback (Cox et al., 2004; Lenton et al., 2008). Two models in the CMIP5
ensemble predicted dieback under the most extreme radiative forcing scenario
(Drijfhout et al., 2015). However, the likelihood is increased when including de-
forestation, which reduces evapotranspiration and forest resilience to droughts
(Zemp et al., 2017).
The risk of regional dieback, along with uncertainties of the climate projec-
tions, illustrate the need for more realistic modelling of vegetation. To answer how
forests will respond to anthropogenic climate change requires better understand-
ing of processes which drive change. Disturbances such as droughts and fire, the
severity and frequency of which are dependent on the temperature (Dale et al.,
11pctCO2 is a controlled run where atmospheric CO2 concentration increases gradually at a
rate of 1% per year from 1850 until quadrupling.
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Figure 1.1: The plant ecosystem under the anthropocene. Exogenous disruptions driven
by climate change could shift the equilibrium state of the system, providing a source of
uncertainty within models.
2001; Dai et al., 2004), against increased growth and competition (via canopy
closure; McCarthy et al. (2007)) through CO2 fertilisation (Figure 1.1). Recently
there has been a push to address these issues (Fisher et al., 2018; Burton et al.,
2019; Eller et al., 2020). Such processes are heavily dependent on plant size, lar-
ger trees grow faster (West et al., 1997), yet are more vulnerable to drought (Nep-
stad et al., 2007; da Costa et al., 2010; Gora and Esquivel-Muelbert, 2021), while
smaller trees and the understory are more at risk to fires (Brando et al., 2012;
Gora and Esquivel-Muelbert, 2021). Yet the implementation of plant size or age
into DGVMs and the CMIP ensemble is not widespread. Plant demography, the
aggregation of plant individuals into age and/or size classes, provides a method
of addressing this and allowing for significantly more complex processes to be
explored (Fisher et al., 2018).
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1.1 The emergence of Forest Dynamics
Forests are often described as heterogenous (Franklin and Van Pelt, 2004; Spies
et al., 2006; Kane et al., 2011; Franklin et al., 2020). Complexity is especially pre-
valent on the subgrid scale. Stands will significantly vary in terms of demographic
parameters – diversity, age, size, recruitment, competition, growth, and mortality
(Sheil and May, 1996; Phillips et al., 2004; Seydack et al., 2011; Johnson et al.,
2016). An important task for the realistic representation of forest response to an-
thropogenic change is to ask how this complexity scales with geographic scope;
from the individual tree to the regional and global scale (Shugart and Smith, 1996;
Strigul et al., 2008; Kane et al., 2011; Prentice et al., 2015; Shugart et al., 2020).
Historically, ecologists and geographers have strongly, sometimes even ideo-
logically2, debated the predictability and classifications of plant ecosystems, mainly
from two perspectives (Tansley, 1935; Whittaker, 1953; Bugmann, 2001). F.E.
Clements suggested in his work ‘Plant Succession’ that plant ecosystems would
deterministically follow a successional pathway towards a stable “climax” com-
munity (Clements, 1916). The eventual composition of the forest would be de-
pendent on the climate of the region. In a similar vein, from continental Europe
emerged “Phytosociology” or the “plant society”, the theory that species formed
an empirical “vegetation unit” of associations dependent on the local climate
(Braun-Blanquet et al., 1932). Climax and Phytosociology was challenged by
ecologists such as H. Gleason. In the Gleason model, the resultant communities
arose as an indeterministic combination of factors at an individual level; migration,
environmental sorting and chance (Gleason, 1926). By the 1950s, Climax theory
was further criticised as being subjective and not fully capturing the range of in-
fluences, while also failing to explain the “complex continuum” of plant species
observed spatially (Curtis and McIntosh, 1951; Whittaker, 1953). However, there
was recognition for the need of abstractions of individual complexity as a way to
push development of plant community dynamics (Watt, 1947; Whittaker, 1953).
The first attempt of give a mathematical explanation of community dynamics
came from A. S. Watt in 1947 (Watt, 1947; Van Der Maarel, 1996). Watt attemp-
2Whittaker mentions that the USSR researchers rejected the idea of equilibrium from European
Phytosociology, to reconstruct it “on the bases of the methodology of Marx and Lenin (Alechin,
1946; Roussin, 1949)”.
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ted to address the mosaic pattern seen within seven plant communities ranging
from heathland to deciduous forest. Each patch would represent a community
of species in both patch age and physiology, going through different “phases” of
succession. New patches arise as area cleared by mortality or litter from exist-
ing vegetation. This is to represent the opening of the canopy caused by falling
branches or tree, this process is known as gap formation (Belsky and Canham,
1994). Hence a “gap” is consistent with a young patch. These ecological ideas;
the vegetation unit or patches and the Gleason complexity of the individual, would
lead to the first numerical models of forest dynamics in the 1960s and 70s (Bug-
mann, 2001).
A patch based approach was first implemented in the JABOWA (Botkin et al.,
1972a,b) and FORET (Shugart and West, 1981) models. These are more com-
monly known as “gap models”, both simulate a grid of patches within an ecosys-
tem on the scale of 0.01 to 0.1 hectares. Gaps are randomly formed through by
disturbances, resetting the patch on its successional pathway. Other forest mod-
els sought to represent explicit individuals of tree species in three-dimensional
space, to capture vertical heterogeneity, such as the SORTIE model (Pacala
et al., 1993; Canham et al., 1994). Environmental variables such as temperature
and precipitation drive the photosynthesis and growth of plants. Light competi-
tion is implemented using Beer’s law of radiation attenuation; the fraction of pho-
tosynthetically active radiation would decrease through the canopy exponentially
(Monsi and Saeki, 1953; Hirose, 2005). Age and size are principal variables in de-
termining mortality and competition. The reproduction or recruitment rate is either
fixed from a predetermined list of species or dependent on the size of the current
plant population. Gap models have proven realistic in predicting the dynamics
and distributions of forests in multiple site-level studies of coniferous (Leemans
and Prentice, 1987), temperate (Waldrop et al., 1986) and tropical forests (Doyle,
1981; Peng, 2000). They have also been successfully deployed for projecting
forestry management yields (Munro, 1974; Mitchell, 1975; Dale et al., 1985).
In parallel, the development of computing saw the introduction of large-scale
climate models. The first generation, called General Circulation Models (GCMs),
included atmospheric physics (Phillips, 1956) and eventually led to coupled mod-
els of atmosphere-ocean circulation (Manabe, 1969). Concern over human im-
pact on the Earth System (Manabe and Wetherald, 1967; Wilson and Matthews,
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1971), led to further efforts to study the greenhouse effect and carbon cycle
(Manabe and Wetherald, 1975). Initially, atmosphere-land interactions were rudi-
mentary, with GCMs using prescribed values for parameters such as surface al-
bedo, roughness and those describing simple hydrological interactions for the soil
(Dorman and Sellers, 1989). Vegetation made an explicit entrance with the mod-
elling of evapotranspiration to improve the representation of the global diurnal
cycle of temperature (Dickinson, 1984). Later models would begin to prescribe
vegetation types catergorised by the type of leaf and by biology (woody versus
herbaceous plants), known as “Plant Functional Types” (PFTs), for example, C3
and C4 Grass or Broadleaf Deciduous Trees (Smith et al., 1993). This allowed for
stomatal conductance and phenological diversity to be realistically represented
(Sellers and Dorman, 1987; Leuning, 1995; Haxeltine and Prentice, 1996; Cox
et al., 1998). However, there were no forest dynamics or demographics, cov-
erage was prescribed and treated as stationary in “equilibrium” biogeographical
models, such as the BIOME model (Prentice et al., 1992; Neilson, 1995).
Ecologists have long appreciated the role the climate played in the develop-
ment of ecosystems (Cowles, 1899), especially on the global scale (Koppen,
1936; Holdridge, 1947). The emphasis of research into plant ecosystems has
shifted to be increasingly in terms of climate change. This has led to work in-
vestigating the effects of rising temperatures such as – increased frequency of
disturbance from droughts (Wigley et al., 1984; Prentice et al., 1991), fire (Clark,
1988, 1990), pests such as bark beetles (Perry and Borchers, 1990), and extreme
weather (Overpeck et al., 1990). It was found that rising carbon-dioxide concen-
trations could lead to increased rates of CO2 fertilisation, increasing the rate of
carbon sequestration (Eamus and Jarvis, 1989; Gifford, 1993). Forest dynamics
(modelling aspects such as tree size, age, mortality, reproduction) was deemed of
primary importance in the next generation of climate models (Smith and Shugart,
1993). Forest dynamics had effectively moved from scale of hectares to the scale
of hundreds of kilometers. This has led to the creation of a new class of ecosys-
tem models known as Dynamic Global Vegetation Models (DGVMs) (Peng, 2000;
Cramer et al., 2001; Sitch et al., 2008).
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1.2 Dynamic Global Vegetation Models
There are multiple approaches to modelling plant demography at the global scale
(Peng, 2000; Fisher et al., 2018). The first generation of DGVMs ranged from the
representation of individual trees to simpler, area-averaged based models that
represented the mean plant of a PFT. These models could be viewed as hav-
ing been a propagation of the two earlier viewpoints of forest ecology: Clements
determinism versus the complexity and indeterminism of Gleason. There are in-
herent trade-offs with both approaches. Later “intermediate-complexity” models
seek to address some of the earlier issues by capturing the detail of individual
based models through statistical modelling. This avoids the stochasticity of indi-
vidual models, while retaining detail when compared with area-averaged models.
1.2.1 Individual Based Models
Individual based DGVMs are descendants of the original gap models. The earli-
est iteration of this method was the HYBRID model (Friend et al., 1993, 1997). HY-
BRID simulates many individual trees established from a fixed density of seeds.
In line with vertical and horizontal heterogeneity these individuals would be ran-
domly distributed across a patch. Like the gap models, crown competition for
light would be explicitly represented using Beer’s law. HYBRID would be driven
globally using carbon, water and nitrogeon outputs from the HadCM2 GCM by
subdividing each grid-cell into 10 patches (Friend and White, 2000). The SEIB-
DGVM model uses a similar methodology at the global scale (Sato et al., 2007).
This approach inherits the potential to capture a great number of processes in de-
tail, resulting in very realistic modelling of small scale, site-level dynamics (Sato
et al., 2010).
For practical reasons, individual based models use the process of “upscaling”
from the scale of the stand to that of the land-surface grid-box. Upscaling is the
process of representing detailed models at coarser resolution (Snell et al., 2014).
SEIB-DGVM scales 30mx30m plots up to the order of 200kmx200km grid-boxes
(Sato et al., 2007). SEIB-DGVM is coupled into the MIROC-ESM (Watanabe
et al., 2011) for global climate simulations, and simulates in essence one random
patch for one grid-box. Despite this, there are benefits to upscaling. It is a useful
CHAPTER 1. INTRODUCTION AND RATIONAL OF DGVMS AND FOREST
DEMOGRAPHY 30
Day







































































 min (1 hour)
Timestep
 max (1 year)
Dynamic Vegetation and Scale
Figure 1.2: Adapted from Shugart et al. (2020), roughly illustrating how processes of dy-
namic vegetation scale across space and time. Grey boxes classify the biological and
community scale. Yellow text describes leaf-based processes. Blue text describes en-
dogenous processes. Red text describes exogenous disturbances and processes. Black
dotted lines illustrate the spatial-temporal limits of a Land/Earth System Model with the
vegetation component.
method for investigating what small scale processes are significant at the large-
scale. For instance, upscailing has been used to highlight the influence of soil
variation on high latitude ecosystems (Sato and Ise, 2012), or forecasting typhoon
windthrow under climate scenarios in Japan (Wu et al., 2019).
Individual based models have been used to address some of the criticisms of
PFTs. Plant species have a wide and diverse continuum of traits as opposed
to the discreteness offered by globally implemented PFTs (Dı́az and Cabido,
2001). It has been argued that PFTs underplay the resilience of forest ecosys-
tems through the lack of biodiversity (Bellard et al., 2012; Boulangeat et al., 2012),
nor do they capture the reality of environmental sorting of species and dynamics
at scale (Lavorel and Garnier, 2002; Scheiter et al., 2013). Recently, individual-
trait based models have been developed to address this (Fyllas et al., 2014).
aDGVM2 (Scheiter et al., 2013) and LPJmL-FIT (Sakschewski et al., 2015) use
stochasticity to select the traits of individual plants (carbon allocation, fecundity,
etc) from a distribution gathered by huge databases such as TRY (Kattge et al.,
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Figure 1.3: The burnt area versus duration of binned data of wildfires within the United
States between 1992 and 2015. Colour-scale is indicative of relative fire frequency.
For practical reasons, individual based models in ESMs cannot capture large-scale fires
without relying on parametrisation. Data from the US Forest Service (Short, 2017).
2011). This method has had some success in reproducing the biodiversity ob-
served within the Amazon rainforest (Fauset et al., 2019).
Individual based models can fail to capture many large scale dynamic pro-
cesses (Figure 1.2) (Scheiter and Higgins, 2009; Shugart et al., 2020). The in-
fluence of forest fires can extend well past single patch scale. Figure 1.3 shows
that over the period between 1992-2015 individual forest fires within the US could
range up to 109m2, and last for months. A single fire can eliminate an entire patch,
especially in savannah, within a few minutes (Rothermel, 1983). Therefore, to in-
clude fire, individual based models with a single patch must represent fire through
parametrisation. SEIB-DGVM relies on a probabilistic estimation of fire based on
environmental factors (Thonicke et al., 2001) at the end of each year, after which
the model applies an average fire-resistant fractions on the number of individuals
killed. A repeat fire cannot occur afterwards for another year. However, generally
individual models that represent patches are able to explicitly simulate fire. In
LPJ-GUESS in cohort and individual mode3, fire mortality is applied daily across
3Uniquely, LPJ-GUESS has two modes “population mode”, which is an average-area vegeta-
tion model (see section 1.2.2), and “cohort and individual mode” which simulates multiple patches
with a three dimensional simulation of trees within each patch.
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multiple patches daily (100 patches per 0.1 ha in grid-box size) – removing all
individuals within the patch if a fire occurs (Smith, 2001).
1.2.2 Area-averaged Models
An alternative approach to representing global vegetation focuses on the area-
averaged plant. For a fraction of area within the grid-box, bio-geophysical prop-
erties can be explicitly, or implicitly, representative of the average tree, shrub, or
grass. Initially, and without the earlier incarnations of the gap-models, the meth-
odology was climax or environmentally driven, derived from the earlier simple
equilibrium models already coupled into ESMs (Prentice et al., 1992).
The VECODE model (Brovkin et al., 1997), sought to represent dynamic ve-
getation fractions as a consequence of two climate variables – temperature and
precipitation. Competition was simply between two PFTs – trees and grass, the
fraction of which must always add up to one. This successfully captured the
general distribution of tree coverages globally using interpreted data from Olson
et al. (1985). However, this approach underplays how fast vegetation cover might
change, due to the lack of physical processes such as disturbances or land-use
change (Quillet et al., 2010). In an expansion to the VECODE approach, the
DYNVEG model simulates PFTs with the inclusion of dynamic disturbances such
as fire and windthrow (Reick et al., 2013).
The TRIFFID (Cox, 2001) and CTEM models (Arora and Boer, 2006) repres-
ent PFTs with vegetation fractions but employ explicit competition through a Lotka
scheme (Freedman, 1980). In TRIFFID, vegetation tiles were simulated with area
averaged productivity and carbon biomass. PFTs accumulate carbon into three
pools – wood, leaves and litter. For recruitment, TRIFFID uses an LAI (Leaf-Area
Index) dependent fraction of carbon mass assimilate to “spread”, or expand, the
coverage. PFTs are grouped via a competitive hierarchy, where dominant PFTs
(Trees) ignore the space occupied by sub-dominant PFTs (Shrubs and Grasses).
The PFT competition between the trees is modelled using height estimated from
allometry.
VECODE, TRIFFID, DIVE (Bohn et al., 2011) and DYNVEG provide us with
one of the first key large-scale simplifications for dynamic vegetation; the sum of
PFT/plant fractional grid-box area,
∑
νi, and the total unoccupied or bare space,
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νbare, must be equal to one, the total grid box fractional area:
νbare +
∑
νi = 1. (1.1)
Let us call this rule the “hard exclusion approximation”. The key approxima-
tion, is that despite plants competing for many resources (light, water, and below
ground nutrients, see Weiskittel et al. (2011)), space is one of the principle limiting
resource, along with temperature and precipitation, that explains the vegetation
distributions observed at large scales (Brovkin et al., 1997; Ramankutty and Fo-
ley, 1999). The “hard” element describes the absence of overlap between spaces
occupied by PFTs, in reality there is a degree of tolerated overlaps between plants
(Wang et al., 2008).
This method of area exclusion competition has a number of criticisms (McGill
et al., 2006; Scheiter et al., 2013). Firstly, this might not realistically capture biome
shifts or the ecological sorting one might expect from climate change (Pavlick
et al., 2013). Secondly, the abstraction of competition means that such dynamic
relationships are hard to relate with field measurements (Higgins et al., 2010).
Lotka approaches that use coverage and hard exclusion for competition have
criticisms in terms of biodiversity (Scheiter et al., 2013). For instance, in the
steady-state they cannot simulate the observed mixed communities of broadleaf
or needleleaf trees seen in temperate latitudes (Arora and Boer, 2006; Liu et al.,
2017). In a Lotka context, this is because having a competition coefficient equal
to one can generate complete exclusion of sub-dominant PFTs. Having a com-
petition coefficient less than one generates diversity, but this breaks the hard
exclusion rule; the overall total vegetation area surpasses the grid-box area. The
CTEM achieves diversity by allowing competition coefficients to be dependent on
more complex competition-colonisation parametrisation based on inter-PFT inva-
sion rates (Arora and Boer, 2006).
The hard exclusion approximation has been used to represent area-based
disturbances from land use change to fire along with controlling the rate of sub-
sequent regrowth (Shevliakova et al., 2009; Kato et al., 2013; Reick et al., 2013;
Jain et al., 2013; Stocker et al., 2014; Bayer et al., 2017; Krause et al., 2018; Bur-
ton et al., 2019). Area based land-use change is perhaps easiest to simulate, not
necessarily needing to represent plant demography. The implementation of land
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use change in JULES-TRIFFID is to simply replace the natural PFTs with crop
PFTs at an area dependent rate (Littleton et al., 2020). However, the represent-
ation of fire or drought disturbance through purely area, can overlook important
dependencies with regards to plant size and age (Gora and Esquivel-Muelbert,
2021).
A second approach to area-averaged models is to build dynamics by primar-
ily mechanistic means. The IBIS (Foley et al., 1996), SDGVM (Woodward et al.,
1998; Woodward and Lomas, 2004), MC1 (Daly et al., 2000), LPJ (Sitch et al.,
2003) and VEGAS (Zeng, 2003; Zeng et al., 2004) models simulate explicit light
and/or water competition of mean PFT members within the ecosystems. This
would be done by partitioning the population in between different “layers” repres-
enting either the canopy heights or root depths of vegetation. Additionally they
may use an implementation of the self-thinning rule for competitive based mor-
tality (see section 2.1.2 for an overview). There are benefits to this approach
as, unlike the Lotka and area exclusion methods, there is less abstraction and a
more direct link to physical processes, allowing for model validation through dir-
ect empirical measurements (Thonicke et al., 2001; Beer et al., 2007; Mao et al.,
2007; Cunha et al., 2013). However, the cost is that increasing the number of
processes, and thereby parameters, also increases issues relating to uncertainty
at the regional scales (Zaehle et al., 2005; O’Hagan, 2012; Gustafson, 2013).
Like individual models, a stochastic trait based approach has been implemen-
ted in area-averaged models through the JeDi-DGVM (Pavlick et al., 2013). Lotka
approaches are generally seen as not appropriate for trait-based stochasticity as
the number of selected PFTs means that the competition coefficient matrix can
quickly become computationally unwieldly; at rate of I2, with I being the total
PFT number. JeDI-DGVM can generate thousands of randomly sampled growth
strategies on a global scale. For grid-box scaling the model uses the “biomass-
ratio” hypothesis (Grime, 1998), simulated from the JeDI biogeographical equi-
librium model (Kleidon and Mooney, 2000; Reu et al., 2011). The Biomass-ratio
hypothesis is where the function (i.e. dominant, sub-dominant growth strategies)
of the species is dictated from the relative contribution to the total community bio-
mass. The JeDI-DGVM does not represent mechanistic competition for light or
space. Similarly, the DIVE model has uses the original JeDI approach to preselect
a distribution of PFT traits, however, DIVE then updates the PFTs area using the
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hard-exclusion rule (Bohn et al., 2011). The PFTs in this latter model are pre-
scribed using diversity outputs from the original JeDI trait model (Kleidon and
Mooney, 2000; Reu et al., 2011).
1.2.3 Two Dimensional Cohort Models
In some ways, individual and area-averaged based DGVMs are similar. One
relies on homogeneity of a 30mx30m plot at scale, the other relies on the ho-
mogeneity of the average individual. The landscape at grid-box scale is signi-
ficantly more varied and beyond the theoretical or practical scope of both these
approaches (Kane et al., 2011; Fisher et al., 2018; Shugart et al., 2020).
Recently, in a bid to overcome these shortcomings, development of global ve-
getation models have focused on producing cohort based models (Fisher et al.,
2018). Cohort based models seek to partition plant populations according to
demography. This is done by grouping into size – plant height, basal diameter, or
mass – and age classes. These models occupy a middle ground in terms of com-
plexity, and seek to capture the statistical distributions of plants and properties of
the individual based models while eliminating the stochastic variability. The back-
ground theory derives from the application of partial differential equations (pdes)
within ecology (Okubu et al., 1982).
The first cohort models focused on the community dynamics across size and
age (henceforth: “cohort 2D models”). The ED model sought to replicate the
statistics outputted by the earlier stochastic gap models (Moorcroft et al., 2001).
ED successfully captures both vertical and horizontal heterogeneity of the com-
munity by partitioning populations into height and patch-age classes (Hurtt et al.,
2004). Much like other vegetation models, mortality is driven by PFT type, self-
thinning and resource availability. Light competition is simulated among “infinitely
flat crown canopy layers” (Fisher et al., 2018). The patch-age structure is mod-









p da = 1, (1.2)
where a is the age of the given patch, p is the probability distribution, and λ is
the rate of patch disturbance or loss function. Equation (1.2) is an application
of Von Foerster’s cell-age kinetics (von Foerster, 1959; Trucco, 1965), applied to
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represent the statical distribution of the patches explicitly represented by grids
in the earlier gap models (Shugart and Smith, 1996). Modelling of patch age
not only allows for the disturbance history of a region to be represented, but
also allows for more realism in modelling of recruitment and disturbances via
its dependency on “patch-interconnectedness”, representing the effects of forest
fragmentation (Fahrig, 2002; Neilson et al., 2005; Fisher et al., 2010).
Additionally in ED and other cohort models, the size-structure is updated
through the Fokker-Planck or Kolmogorov forward equation, first formulated in
the context of physiological age by Van Sickle (1977). The number density of
plants, n, changes through plant size, z. The rate of change in the size dimension
is described by the plant growth rate, g. The population is removed through a





[ng] = −γn. (1.3)
The variable z, could be any physical parameter related to the plant size such
as the basal diameter or biomass, or height in the case of ED. Given information
relating to how growth and mortality vary with this size variable, equation (1.2)
and (1.3) will capture the statistical evolution of both the vertical and horizontal
structure of a forest – without the need for individually representing every tree,
overcoming one of the practical shortcomings of individual based models. ED
and ED2 (Medvigy et al., 2009) have had success in modelling a variety ecosys-
tems: arid (Dashti et al., 2021), boreal (Trugman et al., 2016), temperate (Anton-
arakis et al., 2014) and tropical vegetation (Zhang et al., 2015; Xu et al., 2016),
demonstrating the validity of cohort based approaches down to plot level scales.
However, the modeling of both the size and age structure generates practical
difficulties (Fisher et al., 2018). Firstly, by having an unfixed number of discrete
patches, the potential number simulated is unbounded. Effectively, as time tends
to infinity, a → ∞ and the λ decay would mean that the number of patches,
along with their corresponding size profiles, will tend to infinity (Figure 1.4). To
get around this issue the ED series of models would arbitrarily merge patches of
similar demographic properties (Fisher et al., 2010).
Another cohort 2D approach is to use Perfect Plasticity Approximation, (PPA),
to describe light-crown competitive interactions, such as in the LM3-PPA model
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Figure 1.4: A rudimentary simulation of a forest from bare soil for 600 years, using the
continuous patch equation (1.2), along with a toy gap model using a fixed 50x50 grid of
patches on an arbitrary scale. The rate of disturbance with a fixed patch disturbance rate
of λ = 0.01yr−1. Panel (a) shows how without merging patches, the number of patches
simulated can increase substantially, with a new patch added each time-step. Panel (b)
shows how the age-distribution of patches changes through time for both the gap and
statistical model. (c) shows the spatial age output from the fixed number of grids.
(Weng et al., 2015) or in the CLM(ED) model (Fisher et al., 2015). LM3-PPA sim-
ulates both size via basal diameter (dbh) and patch age cohorts, but also aggreg-
ates across PFTs into canopy layers for competition for light. PPA assumes that
for each canopy layer, plant crowns will perfectly morph to fill out space. This is
known as phototropism or plasticity (Purves et al., 2008; Strigul et al., 2008). PPA
is in essence a more tractable, semi-analytical approximation to earlier individual
approaches, such as the TASS model (Mitchell, 1975), to crown competition and
morphology (Hallé et al., 2012). In each canopy layer of height z∗, the integrated
product of number density and crown area, a, across the ordered height h, of the
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plants must be less than or equal to the available fraction, F:
∫ ∞
h>z∗
na dh ≤ F. (1.4)
For the top layer, F = 1. The available fraction may decreases through each layer
(Weng et al., 2015). The fraction of photosynthetically active radiation attenuates
through the canopy layer according to Beer’s law. PPA can be viewed as at least
partly related to the hard exclusion approximation. In essence both assumptions
use either the plot/patch or grid-box area as a hard limit to the total vegetation
area. In LM3-PPA, the mortality rate is the combination of size-independent mor-
tality along with the additional height dependent mortality arising from being be-
neath the canopy layers. A later version LM3-PPA has also been successful in
capturing the demographic distribution of both size and age within tropical forest
using allometric power-law relationships for physical parameters (Martı́nez Cano
et al., 2020).
Cohort 2D models have historically struggled with integration into ESMs or
LSMs. The ED model was originally planned to be integrated into the JULES
LSM in 2010 (Fisher et al., 2010), but this stalled partly because of the difficulties
arising from coupling; the aforementioned unbounded age dimension and the
fact that the dynamics were dependent on the physiology caused developmental
issues (as highlighted in the talk Moore et al. (2013)). However, the recent GFDL-
ESM4.1 does use the LM4.0-PPA dynamic vegetation model (Shevliakova et al.,
2020) with results presented in the CMIP6 model ensemble (Arora et al., 2020).
1.2.4 One Dimensional Cohort Models
Recent developments have focused on taking a reductionist approach to two-
dimensional cohort models by eliminating explicit representation of size or age
classes. The benefit of this is easier integration into ESMs due to reducing the
number of parameters and variables. For instance, the POP model (Haverd et al.,
2014) eliminates size cohorts for an age based approach. POP performs pro-
cesses at the grid-box scale, such as carbon assimilation, and then uses allo-
metric relationships to infer the disaggregation into the age cohorts. Mortality
arises from two components – stand crowding and resource limitation. This was
included to reproduce the observation of self-thinning seen within forest com-
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munities. POP has successfully been coupled into the CABLE ESMs (Haverd
et al., 2018).
An additional approach is to simulate multiple types of PFT patches, such
as in ORCHIDEE-MICT (Yue et al., 2018). The ORCHIDEE-MICT model parti-
tions PFTs into age based sub-grid “Cohort Functional Types”. Plants move up
into older classifications once the basal diameter surpasses a threshold. When
this occurs patches are merged, with the new functional traits being the area
weighted average. Another way to represent age is used in the JSBACH4 (Nabel
et al., 2020) and LPJ-wsl2.0 models (Calle and Poulter, 2021), known as “vector
tracking of fractional transitions”. In this approach, there is a fixed number of age
classes containing several sub-divisions dependent on the timestep. The sum of
fractions across all classes must equal one, to normalise with respect to patch
population; equation (1.2). After a disturbance, such as deforestation or fire, the
affected patch fraction is then substituted back into the lowest age class. The
physiology or state variables within the age class is, again, the area weighted
average. Much like cohort 2D models, the explicit representation of age requires
a balance between realism and computational practicality.
An explicit size only approach is in the RED model (Argles et al., 2020), which
is described in the later chapters of this thesis.
1.3 Discussion
The study of plant ecology and vegetation dynamics has progressed significantly
since the early twentieth century. Early computational modelling included nu-
merical evaluation of dynamical concepts such as the forest patch in competitive
gap-succession models (Botkin et al., 1972b,a; Shugart and West, 1981). Forests
play an important role in the climate system in general, such as the carbon and
hydrological cycle. This has led to increased emphasis on understanding how
forests change over large earth system scales (Peng, 2000). At the start of the
twenty first century, climatologists and ecologists included vegetation dynamics
into the climate models with the emergence of DGVMs (Cox et al., 2000; Cramer
et al., 2001).
In an echo of earlier ecological debates, there were two principle model-
ling philosophies within the first applied DGVMs; individual and area-averaged;
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complexity versus simplicity. There are simple top-down approaches that rely
on reproducing the large scale, total area coverage or PFT spatial distributions,
using the hard exclusion approximation (Brovkin et al., 1997; Cox, 2001; Arora
and Boer, 2006). Other average area models attempted to simulate competition
mechanistically through light and water (Foley et al., 1996; Woodward et al., 1998;
Daly et al., 2000; Sitch et al., 2003; Woodward and Lomas, 2004). However,
they only have a limited capacity to represent important sub-grid heterogeneity
of forests; demography and diversity (Scheiter et al., 2013; Fisher et al., 2018).
Demography is a significant factor in key processes of forested ecosystems that
DGVMs strive to emulate; such as drought or fire and subsequent regrowth (Gora
and Esquivel-Muelbert, 2021). Thus, area-averaged models may not be as ac-
curate in the representation of ecosystem response to climate change.
In contrast, there are the bottom-up approaches of the gap-models. As ex-
pected, when it comes to capturing site-level dynamics, the scope and realism
of gap models surpasses their simpler counterparts (Sato et al., 2010). Many of
these site-level studies discuss the need to improve the representation of these
processes in large scale climate and land-surface models (Kucharik et al., 2006;
Sato, 2009). Yet in order to deal with computational cost, some of these mod-
els still make sacrifices in terms of large scale dynamical processes such as fire
(Figures 1.2 & 1.3).
In recent years there has been an overall trend towards intermediate com-
plexity DGVMs classed as cohort models (Figure 1.5). These attempt to address
the major criticisms of both individual and area-averaged models by capturing
the statistics and dynamics of forest populations using demography. The benefit
of this is principally to overcome the stochastic variability and upscaling issues
of individual based models. However, there are still some shortcomings with a
significant proportion of these DGVMs in terms of tractability. Almost all cohort
models seek to represent demographic patch age as a driving dimension. In a
practical sense there are a few issues, firstly the arbitrariness of merging patches.
Secondly, the difficulty of integration into ESMs. Finally, in a theoretical sense,
large scale horizontal heterogeneity and patch-interconnectedness could poten-
tially benefit from using a simpler approach. For instance, percolation theory can
be used to infer the sub-grid spatial arrangement of forest fragments from total
forest cover (Taubert et al. (2018); Saravia et al. (2018); and outlined in section
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Figure 1.5: Broad modelling trends over time within the Dynamic Global Vegetation Model
community (DGVM). Models are categorized into three types: Average, Intermediate,
and Complex. (1) Simple - plant size or age demographics are not included beyond the
“average” case. (2) Intermediate - models include the representation of size and/or age
within cohorts. (3) Complex, demography is modelled in terms of explicit individuals.
2.1.1).
Within the latest CMIP6 model ensemble, that is currently being used to in-
form policy via the IPCC (International Panel on Climate Change), only a few
ESMs (three out of eleven) have dynamic vegetation (Arora et al., 2020). Curi-
ously more models have disturbances such as fire turned on, which neglects
the role dynamic vegetation has on subsequent regrowth and ecosystem resi-
lience. Out of the three that do, two models UKESM/JULES through TRIFFID,
and MPI/JSBACH through DYNVEG, have simplistic average area approaches to
modelling dynamics. The third, GFDL/LM4, is the latest iteration of the cohort
approach from LM3-PPA. CMIP6 should be viewed as a transitional process with
the steady implementation of more advanced and realistic models into the next
generation of ESMs. There is a general acceptance for the need to include co-
hort models to “bridge” the divide (Figure 1.5) between the small scale and large
scales.
The original and principle goal of DGVMs was to simulate dynamical pro-
cesses of vegetation at the global level. For increasing realism to be success-
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fully implemented, future models need to also weigh up tractability (Fisher et al.,
2018). Let us set out some initial principles, (i) The long term geographic distribu-
tion of vegetation is ultimately governed by climatic and human factors (Clements,
1916). (ii) Large scale competition across space can represented by the hard ex-
clusion approximation. From here let us, tentatively, expand the sphere of this
understanding to encompass regional demography.
1.4 Objectives
The research aim of this PhD is to investigate and model the demographic dy-
namics of vegetation. To this end, we have set two primary objectives. Firstly,
the thesis will examine a selection of statistical theories that describe the dis-
tribution of trees within forest. Additionally, we will investigate the implications
arising from such theories in terms of carbon storage and ecosystem character-
istics. Secondly, and most importantly, using such theories as a foundation we will
further develop the Robust Ecosystem Demography (RED) Dynamic Global Ve-
getation Model for integration into Earth System Models. By including a tractable
representation of tree demography through RED we will provide a more realistic
framework for future modelling and research on key processes for ecosystem
stability, such as drought or fire.
2 Demographic and Allometric Scaling in
Forests
Rationale for Chapter
This chapter will review a variety of approaches to modelling horizontal and ver-
tical (demographic) forest distributions. In particular we investigate a promising
theory of demography that seems to explain large-scale demography of a vari-
ety of forests: Demographic Equilibrium Theory (DET). To expand on DET, we
combine with allometric scaling relationships to produce relationships for forests
quantities, such as carbon density or mean tree height. DET highlights how such
quantities are unequally shared across a forest, holding true to the general rule
that most of the forest biomass is within a few large individuals. From this chapter
we start to answer our first thesis objective - a descriptions of forest demography
and statistics and the implications for carbon storage and forest characteristics.
The main objective of cohort models (Figure 1.5) has been to reproduce the res-
ults of individual based models by understanding the statistical distributions of
trees within forests. Growth and mortality can be highly variable at small scales
and there could be many factors which influence these terms and resultant size
and spatial profile of trees. It is widely understood that growth and mortality
vary through competition, hydrology, elevation, nutrients, and many other factors
(Baker et al., 2003). Despite this, forests and trees appear to exhibit shared, or
“robust”, statistical and physical characteristics (Niklas and Spatz, 2004; Moore
et al., 2018, 2020; Mrad et al., 2020).
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2.1 Overview of spatial and demographic dimen-
sions
Cohort models try to reproduce horizontal (spatial) and vertical (e.g. height, size)
distributions of forests. Until recently, our current understanding of forest stat-
istics has been driven by a couple of concepts. Firstly, the use of patch-age to
represent the distribution of horizontal heterogeneity (section 1.2.3). Secondly,
the mechanistic implications of “self-thinning”; competition among trees causing
increased mortality and limiting growth, resulting in the vertical/size distribution of
forests being described via a power-law (Mrad et al., 2020). An alternative obser-
vation has been that a Weibull distribution describes the size-distribution of trees
(Bailey and Dell, 1973). A physical derivation of the Weibull distribution has been
offered by the recent concept of Demographic Equilibrium Theory (DET); that,
rather than inter tree competition, it is the metabolic scaling of growth with size
coupled with mortality that dictates the size-structure of forests (Kohyama et al.,
2003; Moore et al., 2018, 2020).
2.1.1 Horizontal Heterogeneity
The spatial arrangement of forests plays an important role in ecosystem dynam-
ics, such as species migration (Honnay et al., 2002) or disturbances such as
severity of droughts and frequency of fire (Laurance and Williamson, 2001). The
rate of gap formation (a gap being an opening within the canopy) and result-
ant fragmentation (how interconnected patches of trees are) can lead to con-
sequences for biodiversity (Haddad et al., 2015), and general ecosystem re-
silience (Oliver et al., 2013). As previously outlined when discussing DGVMs
(Figure 1.4), cohort models rely on Von Foerster statistics through patch-age to
reproduce the statistical layout of the sub-grid distribution (Figure 2.1). Patch-
age as a concept has been around long before the first numerical gap models
(Watt, 1947; Bugmann, 2001), and is an important dimension within a number of
DGVMs (Moorcroft et al., 2001; Smith, 2001; Medvigy et al., 2009). The concept
of the patch is generally a level above an individual tree, such as a stand of trees.
The age of the patch refers to time since the last disturbance, the rate of which
demonstrates gap-formation. How gaps form is therefore a key process within
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these models and essentially represents an additional area-based layer of mor-
tality.
Clearing size distribution is indicative of the characteristics of disturbances
and generally follows a power-law distribution. This has been validated in natural
tropical (Nelson et al., 1994; Solé and Manrubia, 1995; Fisher et al., 2008; As-
ner et al., 2013; Lobo and Dalling, 2013), temperate (Nakashizuka et al., 1995;
Gaudel et al., 2019), and boreal forests (Goodbody et al., 2020). Similarly, the
distribution of patch size also follows a power law distribution and generally con-
verges to similar distributions at regional scales, even in significantly different dis-
turbance regimes (Taubert et al., 2018; Saravia et al., 2018). There are some sim-
ilarities between patch disturbance rate and tree mortality. In tropical old-growth
forests, there is a power-law relationship between the size and frequency of patch
disturbance in relation to the number of trees killed in the disturbance (Chambers
et al., 2013), with most mortality events happening at very small spatial scales. In
terms of the regional carbon cycle, it has been estimated (using remotely sensed
lidar and inventory data) that the vast majority (∼ 98.6%) of above ground carbon
losses of the Amazon occur at the sub 0.01ha scale (Espı́rito-Santo et al., 2014).
It has been theorised that forest-fragmentation is a self-critical phenomena oc-
cupying a quasi equilibrium point determined by percolation theory (Shante and
Kirkpatrick, 1971; Taubert et al., 2018; Saravia et al., 2018). Percolation theory
predicts that for a randomly distributed grid of pixels that can exist in two or more
states (such as forest patch versus clearing), and that there is a critical probab-
ility where the entropy is maximised. The number of interconnected patches is
in a phase-transition between a few large patches, versus many disconnected
patches.
To demonstrate percolation theory we investigate observations of forest cover.
We use 30m×30m Global Forest Watch 2000 dataset (Hansen et al., 2013) for the
Amazon: intact (10◦S to 0◦S and 70◦W to 60◦W) and fragmented rainforest (20◦S
to 10◦S and 60◦W to 50◦W). To be more representative of the ESM land grid-box,
these 10◦ × 10◦ resolution datasets were further subdivided into a 1◦ × 1◦ lattice
(Figure 2.1.a). We define two possible states of forest cover on the 30m × 30m
resolution, firstly a patch being greater than 30% tree cover, otherwise the space
is defined as clearing. For each 1◦ × 1◦ grid-box we then aggregate the total
fractional tree cover and compare with the mean fractional area and total number
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of unique disconnected patches and clearings (Figure 2.1.b-c).
Figure 2.1: An analysis of 30m × 30m spatial tree cover data at 2000 from the Global
Forest Watch (GFW) (Hansen et al., 2013). (a) Picking two 10◦ × 10◦ boxes from the
large dataset representing both intact Amazonian rainforest and neighbouring fragmented
landscape. We subdivide into finer 1◦ × 1◦ resolution to investigate how the mean patch
(tree cover fraction ≥ 0.3) or clearing (tree cover fraction < 0.3) area (b), and how the
number of patches and clearings (c) varies with overall gird-box forest cover.
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From figure 2.1 we see that there is a clear relationship and constraint between
the total fractional tree cover and sub-grid spatial distribution of the landscape.
When the 1◦ × 1◦ grid-box tree cover fraction approaches 1, the number and
mean fraction size of patches tends to 1, while the number and mean fraction
area of clearings approaches 0. While the opposite is true when total tree cover
approaches 0.
While percolation theory appears to show a relationship between forest cover
and the fragmentation of a landscape, it has not been implemented within a dy-
namical vegetation model. Parametrisation of the forest-cover fragmentation rela-
tionship could potentially bypass the need to represent age since last disturbance
as a demographic dimension. However, this concept could be difficult to imple-
ment due to non-linearity in the dynamics (Da Silveira Lobo Sternberg, 2001;
Kinzig et al., 2006; Staal et al., 2020).
2.1.2 Self-Thinning
Alongside the early debate about successional dynamics, the concept of self-
thinning was established to describe the distribution of the forest size-structure.
In 1933, L.H. Reineke, showed that undisturbed, even-aged forests would exhibit
a power-law relationship (with exponent −φ) between number density, n, and the
diameter of the tree, d (Reineke, 1933):
n ∝ d−φ (2.1)
Self-thinning is usually assumed to describe how individual trees may shade
each other, restricting their growth and resulting in an increases in mortality
(Perry, 1984; Westoby, 1984; Dewar, 1993). One common mechanistic explana-
tion is that decreases in photosynthesis caused by crown competition is not com-
pensated by respiration resulting in carbon starvation of individuals (Mrad et al.,
2020). In 1963, K. Yoda conducted an analysis by looking at how the number
density varied with respect to Above Ground Biomass (AGB) (Yoda, 1963). Yoda
(1963) found a power-law relationship of 2/3 (usually represented in terms of 3/2
number density to biomass “Yoda’s 3/2 rule”):
n ∝ AGB−2/3. (2.2)
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Equation (2.2) can be derived from allometric, metabolic, and dynamical relation-
ships, and in many cases without reference to competition for space (Reynolds
and Ford, 2005; Mrad et al., 2020). These derivations provide a wide range for
the number density-biomass exponent; between 0.67 and 1.8 for biomass (Mrad
et al., 2020).
Self-thinning has mainly been perceived as a consequence of resource limit-
ation within a patch (Zhang et al., 2011). Growth or resource use efficiency has
been used as a mechanism to link additional mortality in dynamic models (Daly
et al., 2000; Moorcroft et al., 2001; Sitch et al., 2003; Haverd et al., 2014). The
power law relationship has been derived via Metabolic Scaling Theory (MST).
First introduced by G.West, B.J. Brown and E. Enquist (West et al., 1997), MST










g0 is the growth rate at lowest mass m0. MST has been used to derive tree density
assumed under dynamic equilibrium (Enquist et al., 1998, 2009):
n ∝ m− 34 (2.4)
We know how the forest size-structure is dependent on both the mortality and
growth through the Fokker-Planck equation (1.3). Yet an oversight of self-thinning
is the lack of dependence of number density on mortality. We can show this
by substituting the MST growth relationship into the Fokker-Planck equation and
























Integrating equation 2.6 gives us a number density dependence on only the meta-
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In a sense self-thinning gives us a theoretical maximum number density for forests
stands. This has been one of self-thinnings practical uses in planning even-age
plantations (Drew and Flewelling, 1977; Monserud et al., 2004).
2.1.3 Demographic Equilibrium Theory
Self-thinning does not adequately explain parts of the forest size-structure. The
theory does not account for the increased rate of decline in the number density
for larger sized trees. There have been multiple studies which have shown this
inadequacy; in pan-tropical forests (Kohyama et al., 2003; Muller-Landau et al.,
2006; Moore et al., 2020), temperate forests (Coomes et al., 2003; Moore et al.,
2018; Zhou and Lin, 2018) and in forest plantations (Monserud et al., 2004). The
shape of forest-size profiles have been shown to be driven by both mortality and
growth.
Demographic Equilibrium Theory (DET) is comparably a recent concept. DET
explores the steady state size-structure from the Fokker-Plank equation (1.3).
The steady state (equilibrium) size-structure number density is where the number
of individuals growing into a size is balanced by the number dying and growing
past said size, this happens across all sizes. In the simplest form of DET there
are two key assumptions: that growth follows metabolic scaling theory and that
the mortality is size invariant. Therefore, we integrate a modified equation (2.5)































The resulting Weibull distribution has been validated in tropical and temperate
forests (Coomes et al., 2003; Kohyama et al., 2003; Muller-Landau et al., 2006;
Moore et al., 2018, 2020). Even before the dynamic derivation of DET was es-
tablished, foresters have been using the Weibull equation to predict stand density
(Bailey and Dell, 1973). On average, at large scale and across a variety of types,
forests conform to the emergent Weibull distribution of DET (Figures 2.2 & 2.3).
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Given the validation of DET to demographic data, the theory offers both a simple
theoretical foundation of demography, that is improved over the power-law offered
by self-thinning, along with a low number of parameters that can be easily calib-
rated for dynamic models (see chapters 5 & 3)).
The result that forest size-structure follows a Weibull distribution does not ap-
ply in certain instances. For example, distributions of forest size-structure can be
multi-modal (Zhang and Liu, 2006). We see divergence in particular categories
of forests in North America (Figure 2.2.a-c), which could be a result of historically
disturbed forests; there is a local maximum of number density occurring roughly
at 60cm diameter for Broadleaf Evergreen Species and Needleleaf Deciduous
Species (Moore et al., 2018). This divergence from DET could be indicative of
a forest out of equilibrium. Disequilibrium is generally seen as a result of suc-
cession, competition and disturbances (Maltamo et al., 2000; Coomes and Allen,
2007).
Size-invariant mortality is not necessarily seen in observations. The functional
form of mortality across size can vary depending on abiotic and biotic processes
(Lu et al., 2021). Mortality across size has been shown to follow a parabolic “u”
shape at a community level, such that small and large trees experience additional
mortality with a minimum rate for medium sized trees (Coomes and Allen, 2007;
Lines et al., 2010; Lu et al., 2021). The smaller tree increase in mortality has been
attributed to competition and pests (Iida et al., 2014). While the additional larger
tree mortality has been attributable to increased susceptibility from disturbances
such as drought or wind-throw (Coomes et al., 2003; Rowland et al., 2015).
The assumption of metabolic scaling of growth implies independence of growth
from the demographic effects of light competition. Forests can have distinct
“canopy layers”. Ecologists have generally described this arising from “canopy
closure” (Jennings et al., 1999) and it can generate a bimodal height distribution
(Harding et al., 2001). Trees in the lower canopy have a lower growth rate (Stark
et al., 2015). The diameter-growth exponent can vary significantly from that pre-
dicted by MST at the species level (Reich et al., 2006; Coomes et al., 2011; Rüger
and Condit, 2012). However, at the community average there is convergence to
MST exponents (Rüger and Condit, 2012), which suggests at the PFT and re-
gional scale, MST is a valid assumption.
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Figure 2.2: From Moore et al. (2018), showing the predictions of DET (Demographic
Equilibrium Theory, equation (2.9)) against that of MST (Metabolic Scaling Theory or Self-
Thinning via equation (2.4)) for trunk diameters in North America. The dataset is from
the USDA Forest Service FIA program (Oswalt et al., 2014). Panels show (a) Broadleaf
Deciduous Species, (b) Broadleaf Evergreen Species, (c) Needleleaf Deciduous Species,
and (d) Needleleaf Evergreen Species.
Figure 2.3: From Moore et al. (2020), predictions for South America of MST (Metabolic
Scaling Theory or Self-Thinning via equation (2.4)) and DET from the RAINFOR dataset
(Peacock et al., 2007). Panels (a) plots number density against empirical measurements
of basal diameter. Panel (b) plots number density against inferred tree dry mass using
allometric formula (Feldpausch et al., 2012). Data to the left of mp is affected by an
artefact from the conversion from basal diameter to mass; measurements from RAINFOR
do not go bellow 10cm dbh and thus “miss” the complete range of valid masses. LTWD
is the Distribution derived Left Truncated Weibull Distribution through equation (2.9). Fits
are maximum likelihoods estimations for single parameter - µ0, and two parameter - µ0
and φ, from equation (2.9).
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2.2 Some Implications of DET
Some DGVMs assume a relationship between crowding and mortality, princip-
ally to replicate the size-structure implied by self thinning, but when compared to
large-scale data there is clear divergence away from the self-thinning power-law
(Figures 2.2 & 2.3). DET has been shown to diverge from site-level observa-
tions in terms of both growth and mortality (Maltamo et al., 2000; Coomes and
Allen, 2007). DET provides an opportunity to move past simpler area-averaged
models and include a parameter-sparse framework for realistic large-scale demo-
graphy models in the next generation of DGVMs, all without the complexity of
two-dimensional cohort approach, such as ED (Moorcroft et al., 2001). Indeed,
studying the situations where the demography diverges from DET can potentially
inform how processes, such as competition and diversity, scale with model res-
olution. In this section, we outline some of the implications of coupling DET to
allometric power-laws. This approach has been used to estimate regional bio-
mass densities in the Amazon (Moore et al., 2020), and has been used to invest-
igate the coupling of the self-thinning number density to allometric relationships
(Pretzsch, 2006).
2.2.1 Allometric Relationships
We can use some allometric power laws to describe how the mean physical char-
acteristics of a stand depend on size. Initially, allometry relationships were de-
rived by investigating the structural limits of trees. The basal diameter, height,
wood density and gravity dictate tree morphology in relation to other dimensions,
these consist of non-linear power-law relationships of varying complexity (Chave
et al., 2005) and have been used in a variety of dynamic models. These relation-
ships, in their simplest forms, follow a isometric power-law; trees (much like other
organisms) are in general self-similar versions of their younger selves (McMahon,
1973; McMahon and Kronauer, 1976). McMahon and Kronauer (1976) first used
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Equation (2.10) was formulated from structural considerations. Organisms are
limited to a maximum height due to compressive stress under gravity, beyond
which they would buckle. Trunk tapering is also be an important consideration,
and would feature as an additional parameter. This implies that the height would
always operate close to this gravitational limit until the trunk grew to sufficient
diameter to support extra height. McMahon and Kronauer (1976) also found that,








The d ∝ m 38 relationship has been evaluated by numerous authors (Chave et al.,
2005). Substituting equations (2.10) and (2.11) for the relationship between mass








the power of which has been independently derived and validated (Niklas and En-
quist, 2001). Although the power can vary significantly dependent on geographic
region (Feldpausch et al., 2011).
There are alternative derivations of tree allometry through growth and hydro-
logical constraints (Niklas and Spatz, 2004). In the Niklas and Spatz (2004)
method, they use two observations relating to the growth rate of a plant; iso-
metric/linear scaling with the plant’s total leaf mass, ml, (Bond-Lamberty et al.,













The next step relates to how vascular plants partition biomass between their pools
(steam - ms, leaf and roots - mr), the sum of which is equal to m:
m = ml +ms +mr. (2.14)
By assuming proportionality between leaf area with the xylem cross sectional
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Equation (2.17) illustrates that for m0 >> ml,0 and d >> d0, we have approxim-
atley the same relationship for stem mass derived from gravitational constraints;
equation (2.11)). Niklas and Spatz (2004) also modelled how the height would
vary in relation to the basal diameter by taking that the stem mass is proportional

























A final Niklas and Spatz (2004) model result is that substituting equation (2.13)
into equation (2.15) we find the same mass-height relationship that McMahon
(1973) found in equation (2.11). Niklas and Spatz generally found better agree-
ment with stem mass and height data than the classical Euler-Greenhill formula
for smaller trees, although their allometric relationships are remarkably similar
for large trees. Niklas and Spatz (2004) concluded that growth and hydraulic
assumptions seem to explain size-allometry in trees. However, some of the as-
sumptions, such as equation (2.15), do not necessarily explain certain allometric
behaviour for small and large trees (Chave et al., 2014).
In general and for the sake of simplicity, let us assume some power-law rela-
tionship relating plant mass to basal diameter, crown area, a (Alves and Santos,
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Where φ is the rate of scaling of the given variable. d0, a0, h0 are boundary values
of physical properties at mass m0.
2.2.2 Integrating the Weibull Distribution
If we combine the allometric relationships with the DET Weibull distribution from
equation (2.9), we are able to get the average or total density properties of an
ecosystem, such as the mean height or total biomass per unit area. Let us start

















µ0 is a key parameter which describes the shape of the curve. µ0 is a metric of





The higher the value of µ0, i.e. through increased mortality, the quicker the drop-
off in the Weibull shape - we would see fewer big trees (Figure 2.4). Due to the
assumptions of MST, there is a relationship between µ0 and the boundary mass.





The typical reference mass we assume for µref is 1kgC (Argles et al., 2020). When
fitting of the RAINFOR South American dataset (Figure 2.3.b), this was found to
be µ1kgC ≈ 0.235, after converting from total biomass into carbon mass, which
scales by a factor of two (Moore et al., 2020).
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Figure 2.4: The size profile for different values of demographic turnover, µ0 - assuming
fixed n0 and φg.
Number Density
We can estimate the binned number density between two masses if we integrate
across mass using equation (2.23) between ma to mb:

































































exp {u0}[exp {−ua} − exp {−ub}]. (2.29)








Equation (2.30) makes intuitive sense as the total number of deaths, γN , is equal
to the recruited (boundary) flux, n0g0, which should be the case at demographic
equilibrium. If we divide the original Weibull distribution, equation (2.23), by the
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By dividing equation (2.29), with ua → u0, and the total number density, we also
find the Cumulative Density Function (CDF), Fn:











General Scaling Total, Mean, PDF, CDF
Given the consistency of the power-law functional form for growth, equation (2.3)),







where z is a dummy variable. Integrating the product of
∫
nz dm, the total quantity
Z between ma and mb:



































1−φg exp {−u}du. (2.35)





tc−1 exp {−t}dt, (2.36)
or in the case of integrating between xa and xb:
Γ(c, xa)− Γ(c, xb) =
∫ xb
xa
tc−1 exp {−t}dt, (2.37)


































































Fz is a factor which describes how the total quantity Z, scales in relation to total
number density. The expected value of z per plant, 〈z〉N , is given by dividing
equation (2.39) by N , which is just:
〈z〉N = z0Fz. (2.41)



















































The community growth, G, is given by substituting in the MST relationship, equa-
tion (2.3), z → g, φz → φg:
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By assuming that φg = 3/4 and using the series definition of the incomplete
gamma function:






the gamma function expands out to:
Γ(4, 4µ0) = 6 exp {−4µ0}
(






















For the total carbon density, M , z → m and φz → 1, therefore:
M = m0NFm, (2.48)

















Total Coverage (Canopy Area) and Mean per Coverage
Assuming total coverage is consistent with the total canopy area, the total cover-
age, ν, with z → a and φz → φa is given as:
ν = a0NFa. (2.50)
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For the mean of a scaling quantity per unit vegetation area, 〈z〉ν , we must first























as the coverage over mass is given by the product; na. By using the subsitution





















Finally, dividing by the total coverage, equation (2.50) we get a relationship for the


























The total basal diameter density or total height density for an ecosystem is not an
important measurement. The mean basal diameter per plant could be useful for
model validation. For now, let us assume that z → d, and φz → φd, applying the
mean dbh per plant: (2.41) gives us:
〈d〉N = d0Fd. (2.55)
For the power of φd = 3/8 and φg = 3/4, equation (2.55) gives a infinite series of
polynomials as Γ(5/2, 4µ0).
Mean Height
For estimating the mean height we could use both the mean plant, equation
(2.41), or mean canopy height, equation (2.54). So for the mean plant height,
with z → h and φz → φh, we get:
〈h〉N = h0Fh. (2.56)
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Or in terms of mean coverage area - which is useful for estimating the surface




































2.2.3 Characterising Forest Quantities under DET
Using our derived formulas that describe the distribution of trees, we can further
investigate how a quantity (e.g. biomass or growth-rate) may vary purely in terms
of population and without use of explicit mass space.
It is possible to get the CDF of an allometric quantity, equation (2.43), in terms











− ln {1− Fn}. (2.60)
















Equation (2.61) gives us a dimensionless understanding of where forest quantit-
ies lie in terms of the cumulative population ranked by size. We look at carbon
density, growth and coverage with µ0 = 0.235, m0 = 1kgC, g0 = 0.2kgC yr−1 and
a0 = 0.5m
2 along with φg = 3/4, φa = 1/2. The carbon density is the most unequal
quantity, followed by growth, with coverage being more equally distributed across
population (Figure 2.5.a).
For an estimate of a quantity inequality we can use the Gini coefficient - a
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measure that economists use for wealth or income equality. The definition looks
at the area under the curve of Fz versus Fn, and subtracting it from the line of
equality - where there is direct proportionality between quantity and population
(Dorfman, 1979):




If a forest quantity is only within a small segment of the population the integral
on the right hand-side of equation (2.62) drops to zero, GINI→ 1, indicating per-
fect inequality. If a quantity is shared equally between the population, GINI → 0,
perfect equality. The Gini coefficent has been used to investigate biomass distri-
butions within rainforests (Weiner and Solbrig, 1984), and is especially of interest
in forestry management and remote sensing (Lexerød and Eid, 2006; Pach and
Podlaski, 2015; Valbuena et al., 2016). The Gini coefficient is a useful metric
to understand how natural or close to equilibrium a forest is. Forest plantations
of even-age stands will have initially have a greater Gini coefficient than natural
forests, before transitioning into a more natural state (Kadavỳ et al., 2017).
To find the Gini coefficient of an allometric quantity, we must first integrate
equation (2.61) with respect to Fn between 0 and 1. The integral of equation






















u = ln {1− Fn}, Fn = 1− exp {u},























) exp {u}du (2.65)
The definition of the indefinite integral of a incomplete gamma function, with con-
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stants, c, is given by:
∫
Γ(c1, c2 − x)dx = (c2 − x)Γ(c1, c2 − x) + Γ(c1, c2 − x) + c3. (2.66)
Using integration by parts for:
∫
Γ(c1, c2 − x) exp {x}dx = Γ(c1, c2 − x) exp {x}+
∫
exp {2x− c2} (c2 − x)c1−1 dx,
(2.67)
where by the definition of the original gamma function (2.36) (and another substi-
tution u = c2 − 2x) gives us:
∫
Γ(c1, c2 − x) exp {x}dx = Γ(c1, c2−x) exp {x}−2−c1 exp {c2}Γ (c1, 2c2 − 2x) + c3.
(2.68)
Substituting equation (2.68) into equation (2.65) gives us:
∫ 1
0







































































Therefore the Gini coefficient of a allometric quantity under the assumption of
DET is given as:
























Figure 2.5 demonstrates how a power-law quantity like coverage, growth and
carbon biomass varies with population. The figure also plots the fitted values of
φg and µ1kgC for the RAINFOR sites (Moore et al., 2020). We can see from figure
2.5, that φg = 3/4 and µ1kgC = 0.235 captures the distribution of quantities implied
in the fitted sites. In panel 2.5.b, the total carbon density inequality is relatively
stable, with most of mass density being in the top 5% of largest individuals for the
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Figure 2.5: The forest quantity distribution from DET and the allometric integrals. Panel
(a) shows how the cumulative fraction of plants ranked by size varies with the cumulative
fraction of no scaling or the “line of equality” (black line, with φz = 0), coverage (blue
line, φz = 1/2), growth (red line, φz = 3/4) and carbon mass (yellow line, φz = 1)
across the size-structure using equation (2.61). The continuous lines are made under the
assumption of φg = 3/4 and µ1kgC = 0.235, while the coloured dots are the corresponding
two parameter (φg and µ1kgC fits across the RAINFOR sites from Moore et al. (2020), bars
indicate the scope of 75% of the range of the binned outputs. Panels (b-c) show how the
Gini equality coefficient varies with respect to µ1kgC and φg for carbon mass (b), growth
(c) and coverage (d). The red line indicate where at least 50% of the quantity is in the top
5% (solid), 10% (dashed) and 25% (dotted) of the largest individuals.
RAINFOR sites.
There is significantly more variability of inequality for growth density than for
carbon density. The variability is partly due to the fitting method employed by
Moore et al. (2020), with the two parameter fit allowing φg to vary, as opposed to
carbon density where φz always equal to 1 (i.e. carbon density perfectly correl-
ates with carbon density). With a steeper slope for increasing φg (Figure 2.5.c).
From the Gini relationship, equation (2.71), and figure 2.5 we can conclude that
in general, the greater the size-scaling of growth rate or the allometric variable, or
increases in longevity; µ0 → 0, the more the ecosystem quantity is attributable to
the largest individuals.
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2.3 Conclusion
This chapter explores how trees are distributed through size and space. The sub-
grid distribution of forest patches and gaps follows a power-law distribution, and
could potentially be parametrised with respect to tree cover through percolation
theory (Figure 2.1). The metabolic scaling of growth and size-invariant mortal-
ity under Demographic Equilibrium Theory appears sufficient to describe large
datasets of tree inventories (Moore et al. (2018, 2020) and figures 2.2 & 2.3).
The Weibull distribution of DET can be integrated with allometric equations to find
relationships for the macroscopic qualities of a forest; such as total carbon dens-
ity or average plant height. These relationships demonstrate how such quantities
vary with tree population ordered against size. Figure 2.5 suggests that allometric
variables within forests, such as the carbon density, are weighted towards larger
trees. The rule that at least 50% of biomass being in the top 10% of largest in-
dividuals, seems to hold across the fitted South American RAINFOR data. As
outlined in figure 2.5 and later in chapter 4, disturbances which target the largest
individuals will disproportionately affect the total ecosystem carbon density and
growth.
3 Robust Ecosystem Demography: a
parsimonious approach to modelling
vegetation dynamics
Rationale for Chapter
The results of the previous chapter suggests that at big enough scales, forest
demography adheres to the assumptions of Demographic Equilibrium Theory
(DET). Given this, and the complexities of using patch-age as a dimension, we
explore the dynamic implementation of the DET, by relying on the Fokker-Planck
and Metabolic Scaling Theory we dynamically update changes in the forest size
structure.
This chapter was adapted from the RED model paper (Argles et al., 2020).
3.1 Background
Within the context of modelling vegetation at a global level, there is a trade-off
between the complexity of ecological process representation and the necessity of
parsimony at scale (Fisher et al., 2018). DGVMs range from the simplistic, older,
top-down approaches to that of complex individual-based DGVMs. For example,
in the first instance the TRIFFID model (Cox, 2001) simulates the fractional area
of each Plant Functional Type (PFT) using phenomenological Lotka equations.
The benefit of the TRIFFID approach is its simplicity and robustness. However,
the model suffers from the lack of size representation and other processes which
results in the over-estimation of regrowth time (Burton et al., 2019). In the second-
instance, individual based models can explicitly represent a multitude of biological
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and ecosystem processes at an individual plant level (Smith, 2001; Sato et al.,
2007). The benefit of this is that size-dependent physiology and spatial hetero-
geneity can be explicitly represented. For example, SEIB-DGVM estimates light
interception through three-dimensional crowns of individuals (Sato et al., 2007).
However, multiple ensemble-members are often needed to construct meaningful
forest statistics, which makes such models computationally expensive to run at
large scales.
Compromises between the complexity of individual-based and top-down DGVMs
exist as a class of tree cohort 2-d models. In the ED model (Moorcroft et al., 2001;
Medvigy et al., 2009) the tree population is partitioned between patch disturbance
and biomass classes allowing for the scaling of process to be represented in both
age and size. ED2 can realistically model forests around the world (boreal, rain-
forest and temperate) (Medvigy et al., 2009; Fisher et al., 2018). However, para-
meterisation of competition within cohort DGVMs can result in a wide spread of
outcomes when simulating climate change (Fisher et al., 2010; Scheiter et al.,
2013). In Fisher et al. (2010), in the ED model the ecosystem carbon density
across the Amazon was particularly sensitivity to competition and mortality para-
meters for HADCM3-LC projections.
In a similar vein other models have limited the number of cohort dimensions.
The POP model (Haverd et al., 2014), uses stand-age cohorts as the dimension
for population dynamics, every time-step applying crowding and resource lim-
ited mortality rates. Another example is the ORCHIDEE-MICT (Yue et al., 2018),
which disaggregates the populations of a PFT into patch cohort functional types,
with transitions between cohorts diagnosed when the average basal diameter
passes a threshold.
The response of the land surface to climate change is a key uncertainty in cli-
mate projections. Ambitious climate targets also rely on land management prac-
tices such as reforestation and afforestation to increase the storage of carbon
on land. Area-Averaged Dynamic Global Vegetation Models (DGVMs) attempted
to model the the land surface in terms of bulk properties such as mean vegeta-
tion cover, vegetation carbon and leaf area index. These models lack informa-
tion about the plant size-distribution, which compromised their ability to repres-
ent recovery from disturbance and the impact of land management. Providing
useful guidance on these issues requires improved DGVMs which can repres-
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ent changes in tree size distributions within forests (so called ‘demography’). A
number of much more sophisticated second-generation DGVMs are now under
development. These models often explicitly simulate the number of plants within
different size or mass classes, and on different patches of land, which are defined
by the time since a disturbance event. Two dimensional cohort models are there-
fore in principle able to simulate variations in plant number density as both a func-
tion of patch age and plant size. However, this completeness is at the expense of
much computational and parameter complexity. Our objective is to build a para-
meter sparse one-dimensional cohort DGVM that is focused on the plant size
dimension. Therefore, we introduce the Robust Ecosystem Demography (RED)
DGVM in the next sections.
3.2 Model Description
A full list of variables, parameters and units are given in Table 3.1.




m Carbon mass of an individual within a PFT kgC
ESM Inputs
P Total assimilate of Net Primary Productivity minus local
(leaves, wood and roots) litterfall
kgC m−2 yr−1
γd Disturbance mortality rate, the fraction of population dying




m0 Lowest/sapling mass boundary kgC
g Structural growth of an individual at a given mass and time kgC yr−1
g0 Structural growth of an individual at the lowest mass
boundary at a specific time
kgC yr−1
a Crown area of an individual at a given mass m2
a0 Crown area of an individual at the lowest mass boundary m2
φg Constant describing the power law scaling of structural
growth across mass
−
φa Constant describing the power law scaling of crown area
across mass
−
α The fraction of total growth going into seedling recruitment −
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Symbol Definitions Units
Cohort
n Number density across mass space, the derivative of
N with respect to mass
(kgC)−1m−2
N Number density m−2
G Growth density kgC m−2 yr−1
ν The fractional coverage −
γ Mortality rate, the summation of the baseline and ad-
ditional mortalities across mass
yr−1
γb Baseline mortality rate, the fraction of population dy-
ing over a year due to non-explicitly
yr−1
modelled reasons
s The fraction of space available for seedlings −
F The flux of population density over time m−2yr−1
Λd Demographic litter, the loss of carbon due to compet-
ition and mortality
kgC m−2 yr−1
M Biomass density kgC m−2
ck,l Competition coefficient, the fraction a PFT, k, that is
shaded by the canopy of PFT l
−
Equilibrium
µ0 The boundary turnover parameter - the ratio of mass
lost to gained due to growth in the
−
boundary mass class
λi The proportional population of the ith class to the
ith − 1 class at equilibrium
−
eq Subscript denoting a variable in equilibrium −
Numerical
k, l Indices representing the PFT number −
i, j Indices representing mass class number −
I The largest mass class −
(k) The current time-step −
ξ The size-scaling coefficient, where mass classes are
defined as mj = ξ mj−1, with ξ > 1
−
3.2.1 Theory
The underlying theoretical model for RED is a continuity equation, for each PFT
and spatial location, which describes the time-evolution of the number density n
of plants per unit area per unit mass m, as described by the previous general






n g = −γ n. (3.1)
Here g is the growth rate and γ is the mortality rate of a plant of mass m. In
general, g and γ could be any reasonable function of tree size. Equation (3.1)
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is commonly known as the Fokker-Plank or Kolmogorov forward equation, it was
applied to model population dynamics by Van Sickle in 1977 (Van Sickle, 1977).
Plants at a given mass will grow across the size dimension at a “flux”: ∂ng/∂m,
while the number of plants doing so will decrease due to the sink term: −γ n.
For large-scale applications we make simplifying assumptions for these functions
consistent with observed n from forest inventory data (Moore et al., 2018, 2020).
By default we assume that γ is independent of plant mass, and that g follows a







Here g0 is the growth rate of a plant with the reference mass, m0. A value of
φg = 3/4 is assumed by default, consistent with the analysis of field-based meas-
urements by Niklas and Spatz (2004). We also assume the scaling of plant can-







where φa = 1/2 by default. Solutions for n can be integrated over mass to derive
the total plant number, N =
∫∞
0
n dm, the total growth rate, G =
∫∞
0
g n dm, the
total biomass, M =
∫∞
0




3.2.2 Discrete Mass Classes
We wish to produce a model of vegetation demography that can be updated nu-
merically and which explicitly conserves vegetation carbon, providing a constraint
on the number of plants moving between mass classes in the discrete form. In
order to do this we integrate equation (3.1) over finite mass ranges:
∂Ni
∂t
+ Fi − Fi−1 = −γ Ni, (3.4)
where i denotes the ith mass class; Fi is the flux of plants growing out of the ith
mass class and into the (i+ 1)th mass class; Fi−1 is the flux of plants growing out
of the (i − 1)th mass class and into the ith mass class; and Ni is the number of
plants per unit area in the ith mass class. For clarity, equation (3.4) is deliberately
presented as continuous in time at this stage, as the focus in this subsection is
on discretization of the mass profile. The fully numerical version of RED, which
includes discretization of time, is described in section 3.2.4.
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For large-scale application in ESMs a primary concern is to ensure that the
total vegetation carbon obeys carbon balance (i.e. only changes due to the net
impact of total growth minus total mortality). Here we use that requirement to
derive the functional form for Fi. The total vegetation carbon in each mass class




+mi (Fi − Fi−1) = −γ Mi, (3.5)
where mi is the mean mass of a plant in the ith mass class, and gi is the growth
rate per plant of the ith mass class [kgC yr−1 plant−1]. The total carbon in the











mi (Fi − Fi−1) = −γ M, (3.7)






Fi (mi −mi+1) = −γ M. (3.8)











Nigi − γ M. (3.10)
The first term on the righthand-side of this equation is the total carbon uptake
due to growth, G, and the second term represents the total carbon loss due to
mortality, which is the required carbon conservation equation.
CHAPTER 3. ROBUST ECOSYSTEM DEMOGRAPHY: A PARSIMONIOUS
APPROACH TO MODELLING VEGETATION DYNAMICS 72
Figure 3.1: Schematic depicting the hierarchical PFT functional group regime within RED.
Trees shade trees, shrubs and grasses. Shrubs shade shrubs and grasses, while grasses
only shade grasses.
3.2.3 Seedling production and gap competition
To solve equation (3.4) we also require a lower boundary condition which repres-
ents the rate at which seedlings of mass m0 are introduced into the cohort. Here
we assume that a fixed fraction, α, of the total assimilate available to a PFT, P ,
is devoted to producing new seedlings, with the remainder G = (1 − α)P being
allocated to the growth of existing plants. Spreading is homogeneous across the
entirety of the grid-box, but only seedlings established within ‘unoccupied’ space











where s is the fractional gap area available for seedlings. The definition of s is
assumed to differ by PFT to reflect an underlying tree-shrub-grass dominance
hierarchy, as shown schematically in Figure 1. Therefore, the rate of recruitment
F0 is the ratio of a fraction of the carbon assimilate allocated to reproduction, αP ,
and m0, multiplied by the gap area s.
The space available to the seedlings of the kth PFT is calculated from the area
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where νl is the area fraction of the lth PFT, and ckl is the competition coefficient
for the impact of PFT l on PFT k. If PFT l is within the same plant functional
group (trees, shrubs or grasses) as PFT k, or dominant over it, ckl = 1. If PFT
k is dominant over PFT l, ckl = 0 (Figure 3.1). This ‘gap’ boundary condition
results in there being no equilibrium solution where the amount of coverage ex-
ceeds 1. Doing so would halt the recruitment flux such that mortality processes
would bring the fractional coverage back below unity. This is a similar compet-
ition regime to the Lotka-inspired TRIFFID model (Cox, 2001), and allows for
the co-existence between inter-functional groups (trees, shrubs and grasses) of
PFTs. For instance, a PFT such as Broadleaf Deciduous Tree can co-exist with
a Deciduous Shrub and C3 Grass, but not necessarily with another tree PFT.
The hierarchy also enables the simulation of succession during regrowth. Faster
growing species of grasses will not be able to expand into space occupied by
trees and shrubs, unless there is space created by disturbance. A summary of
the competition coefficients is given in table 3.2.
Table 3.2: Competition coefficients assumed for different plant functional groups. A more
detailed example of this is given for specific PFTs in table 3.3.
l
ckl Trees Shrubs Grasses
Trees 1 0 0
k Shrubs 1 1 0
Grasses 1 1 1
3.2.4 Coupling to Earth System Models
RED updates plant size distributions, biomass, and fractional areal coverage for
an arbitrary number of PFTs at each spatial location, and can be driven by vari-
ables provided by a land carbon cycle model, ESMs, or observations (see Figure
3.2). For each PFT, the minimum required input is a time-series of net carbon
assimilate, P , defined as the difference between Net Primary Productivity, ΠNPP,
and local litter production due to turnover of leaves, stems and roots carbon pools,
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Λl:
P = ΠNPP − Λl. (3.13)
We apply the m3/4 scaling to P . We therefore implicitly assume the same scaling
for both GPP and plant respiration. This is consistent with observations suggest-
ing that plant production also scales approximately as m3/4 (Enquist et al., 1998;
Niklas and Enquist, 2001). Where available, additional mortality due to disturb-
ance events such as droughts, fires and anthropogenic deforestation, γd, can be
added to the size-invariant baseline mortality rates, γb, for each PFT:
γ = γb + γd. (3.14)
Disturbance rates γd can in principle be both PFT-dependent and mass-dependent
(e.g. to capture forestry practices). Indeed DGVMs, such as LM3-PPA (Weng
et al., 2015), use a variety of functions for mortality across mass, including a size-
invariant mortality baseline.
The input values of net assimilate for each PFT, P , define the total structural
growth rate, G = (1 − α)P , and the seedling flux F0, via equation (3.11), using
PFT-specific values of the parameter α (see table 3.3). The definition of the total





This can be combined with the growth-scaling given by equation (3.2), to derive









this in turn enables the growth rate of each mass class to be calculated using
equation (3.2). Equation (3.16) has been used in a different form in the POP
model (Haverd et al., 2014), to infer carbon increment across size. For each PFT,
the number of plants in mass class, Ni, is updated using a discretised form of
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Figure 3.2: Schematic of RED coupled to an ESM or land carbon cycle model. RED is
driven by a time-series of net carbon assimilate, P , which is then split between seedling
production, αP , and the growth of existing plants, G = (1 − α)P . The seedling flux is
limited by the available free space, s. Additional mortality rates diagnosed from disturb-
ance models, γd, can be added on to an assumed baseline mortality, γb, as a function
of both PFT and mass class. Red arrows describe the direction of number density, while
black arrows show separate model applications, such as disaggregation of the carbon










i−1 − F (j)i − γ(j)N (j)i
)
, (3.17)
where ∆t is the RED time-step (typically 1 month), and the superscript (j) denotes
the jth time-step. Our results are robust to changes in model timestep so long as
the timestep remains small compared to the characteristic timescales associated
with regrowth; m0/g0 ∼ 4yr, and plant mortality; 1/γ ∼ 20yr. The lower boundary
seedling flux is calculated from equation (3.11) using equation (3.12). We impose
a zero-flux condition out of the upper mass class, under the assumption that
there will be enough mass classes to ensure that this flux is negligible. However,
to ensure carbon conservation on the land we add any plants that grow out of the
upper mass class into a demographic litterfall term for each PFT, which is a RED
output. This demographic litterfall term, Λd, keeps track of the carbon lost from
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the vegetation due to competition, mortality and the carbon in any such plants
that grow out of the largest resolved mass class (class I):
Λd = αP (1− s) +
∑
i
γiMi + gI NI . (3.18)
The first term on the righthand-side of this equation represents carbon loss due
to the shading of seedlings; the second term represents mortality of the resolved
mass classes, which may include disturbance events; and the third term, which is
normally very small, is the loss of vegetation carbon due to plants growing beyond
the modelled mass classes. In order to initiate regrowth from bare soil, RED
also assumes a minimum effective fractional area of each PFT. Where the net
assimilate would be sufficiently negative to take the vegetation fraction below this
minimum, the minimum value is maintained by subtraction from the demographic
litter. The demographic litterfall term therefore represents the net addition litter
production consistent with the prescribed net assimilate flux, the disturbance rate,
and the change in vegetation carbon modelled by RED. When coupling to an ESM
or land carbon model, the demographic litterfall term, Λd, should be added to the
input local litterfall, Λl, as used in equation (3.13), to calculate the total litterfall
flux into the soil/litter system.
3.2.5 Finding the discrete steady-state
The steady-state of the continuum model defined by equation (3.1) and equation
(3.2) can be solved analytical for each PFT (Moore et al., 2018, 2020), and is
equivalent with DET solutions presented in section 2.1.3. This analysis is also
different from research by Moore et al. (2018) and Moore et al. (2020) as we
have included the additional competitive mechanisms to close the system (see
Closed Form Demographic Equilibrium Theory, CF-DET, presented in chapter 5
for more analysis). The shape of the mass distribution (Figure 2.4) and each
of the equilibrium variables depend on the µ0 ratio of plant mortality to growth,
equation (2.24); µ0 = γm0/g0. In order to initialise the numerical RED model in a
drift-free initial state, we derive the steady-state of the discrete model, equation
(3.17), which will differ slightly from the continuum model for a finite number of
mass classes.
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To solve for the discrete model equilibrium, we start from the flow equation
from equation (3.4) with the term ∂N/∂t→ 0:
γNi + Fi = Fi−1. (3.19)





gi/(mi+1 −mi) + γ
]
= Ni−1λi, (3.20)





λi can be simplified to depend only on µ0, by using µ0 = (γm0/g0), equation (2.24)
and applying the mass scaling of growth rates gi = g0(mi/m0)φg . We can show











An expression for the total stand density at equilibrium,Neq, can be derived. Using
equation (3.20), we can represent any population of mass class i in terms of the





Therefore, when finding the total number of stands relative to N0 we get:






In a similar vein to section 2.2, let us assume a dummy allometric relationship
and variable; z = z0(m/m0)φz . Instead of an integral, like equation (2.34), the









CHAPTER 3. ROBUST ECOSYSTEM DEMOGRAPHY: A PARSIMONIOUS
APPROACH TO MODELLING VEGETATION DYNAMICS 78
or in terms of z0 and N0:













Ni ai = N0 a0Xν , (3.27)




Ni gi = N0 g0XG, (3.28)




Nimi = N0m0XM . (3.29)
Here XN , XG, Xν and XM , are functions of µ0 and the mass binning; equation
(3.26). The equations above are therefore define the equilibrium state of the dis-
crete system for given values of N0 and µ0. The next step, as in chapter 5, is to
combine with the reproductive and competitive constraints, equation (3.11). How-
ever, this time we are including additional PFTs in the shading term through the
competition coefficients. In equilibrium, the rate of the recruitment of seedlings,








Substituting in equation (3.24) and equation (3.28) yields a balance equation for













We can get the equilibrium fraction of a PFT, k, by rearranging the above equation,
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As the righthand-side of this equation depends only on prescribed constants and
µ0, equation (3.32) can be inverted (by numerical iteration) to estimate µ0 for
observed values of the PFT fractions, νk, νl, and an assumed value of α (see
table 3.3). Once the value of µ0 has been derived in this manner, it can be used





Equations (3.32) and (3.33), along with equation (3.24), allow us to define an
initial equilibrium state, Ni, which is consistent with observed area fractions of
each PFT. Furthermore, when paired with an estimate of the net carbon assimilate
(from a model or observations), the µ0 estimate can be converted into a map of
the implied mortality, γ, by PFT. We demonstrate this capability globally in the
next section.
3.3 Model Results
For these runs, the numerical RED model is set up to use the 9 PFTs which are
currently used in JULES (Harper et al., 2018). This enables us to directly use driv-
ing data - time series of the rate of net assimilation, P - from a previous UKESM
model simulation that includes JULES (Sellar et al., 2019). RED is integrated for-
ward using a one month time-step and successive mass classes that differ by a
multiplicative constant ξ, so that mi = ξ mi−1. The value of ξ was chosen to op-
timally fit the analytical equilibrium solutions assuming 10 mass classes for trees,
8 mass classes for shrubs and 1 mass class for grasses, assuming µ0 = 0.25
(see appendix A). Other PFT-specific parameters are assumed as summarised
in table 3.3.
CHAPTER 3. ROBUST ECOSYSTEM DEMOGRAPHY: A PARSIMONIOUS
APPROACH TO MODELLING VEGETATION DYNAMICS 80
Table 3.3: List of PFT names and assumed allometric scaling parameters (m0, a0), seed-
ling fraction (α) and competition coefficient (cpft,j). The growth allometry of trees and
shrubs across size is assumed to follow Niklas and Spatz (2004) (φg = 3/4, φa = 1/2).
The competition coefficients given describe which PFT functional group shades the cur-
rent PFT, if cpft,j = 1, the PFT is shaded, otherwise it is not (Table 3.2).



























NDT 10 2.32 0.10 1.00 0.50 1 0 0
Cool Season
Grasses
C3 1 1.50 0.60 0.10 0.25 1 1 1
Tropical
Grasses
C4 1 1.50 0.60 0.15 0.25 1 1 1
Evergreen
Shrub
ESh 8 2.80 0.35 0.50 0.25 1 1 0
Deciduous
Shrub
DSh 8 2.80 0.35 0.50 0.25 1 1 0
3.3.1 Global: Diagnosed Plant Mortality Rates
Here we use the analytical forms for the equilibrium state (Section 3.2.5) and
observations of global vegetation cover, to diagnose the corresponding map of
PFT-specific mortality rates. These mortality rates are therefore consistent with
the current observed vegetation state, and rates of net assimilation (P ) provided
from UKESM (Sellar et al., 2019). The UKESM simulation provides NPP and local
litterfall per unit area of each PFT. We multiply by PFT fraction to get the grid-box
mean values required to drive RED (using ESA landcover data, as explained
below). The observed maps of PFTs are provided by the ESA LC CCI dataset
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Figure 3.3: Observation-based dataset of the PFT area fractions for the nine JULES PFTs
Harper et al. (2016) as listed in table 3.3. The observations for grass PFTs combines both
natural and land-use fractions.
for 2008-2012 (Poulter et al., 2015), projected onto the 9 JULES PFTs by Harper
et al. (2016) (Figure 3.3). Maps of the prescribed annual mean values of the rate
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Figure 3.4: Mean net assimilate, P , per vegetation area from UKESM between 2000-
2010, using equation(3.13). The mean is constructed by setting any negative growth
rates to zero.
We use the procedure outlined in Section 3.2.5 to estimate spatially-varying val-
ues of µ0 for each PFT, using equation (3.32), and then equation (3.33) to estimate
CHAPTER 3. ROBUST ECOSYSTEM DEMOGRAPHY: A PARSIMONIOUS




(a) Observation (LC_CCI 2008-2012)















Figure 3.5: Maps of dominant PFT for (a) ESA LC CCI dataset and (b) RED model equi-
librium fractions. Sparse area is defined as where the total vegetation coverage is less
than 10% (i.e.
∑
k νk < 0.1).
N0. This method successfully reproduces the ESA map of dominant PFT to good
accuracy, as shown in figure 3.5 and table 3.4.
Table 3.4: Goodness of fits for the RED equilibrium coverages to the coverages from
ESA LC CCI dataset across PFTs. r represents the Pearson Correlation Coefficient,











The fit of the RED equilibrium vegetation coverage to the ESA observations is
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Figure 3.6: Diagnosed maps of mortality rates γ for each PFT, as required for consist-
ency with the ESA observations and the UKESM growth rates with RED. White areas
correspond with zero coverage and/or zero growth.
generally very good (Table 3.4). However, it is imperfect in some areas (e.g. Cent-
ral Asia, Sahel) where the driving net assimilate from UKESM is zero or negative.
Also, areas where the observational dataset indicates co-existing PFTs within the
same vegetation class (e.g. broadleaf trees and needleleaf trees) are not well
simulated by this first version of RED, which leads to competitive exclusion in the
equilibrium state (see section 3.4). Since we now have diagnosed values of µ0
and N0, along with prescribed values of P , we can also diagnose the mean plant





where g0 is given by equation (3.16) combined with equation (3.20) and (3.22).
Maps of γ values, derived in this way, are shown in Figure 3.6. The mortality rate
derived is dependent on the assumed areal coverage and the total assimilate. A
high coverage with a low growth rate will result in a compensating low diagnosed
mortality rate (and vice-versa). Furthermore, the choice of α, equation (3.16), and
m0 also influence the diagnosed value of γ. An analysis of the sensitivity of the
inferred value of γ to these factors is presented in Appendix B. Assuming ±20%
uncertainty on assimilate, α, m0 and ±5% on the coverage gives an uncertainty
bound of ±35% on γ. Under the assumption that high coverages are indicative
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Figure 3.7: Diagnosed mortality rates for (a) trees, (b) grasses and (c) shrubs in the top
quartile of coverage. Notches within the box represent the confidence bounds of the
median. The confidence bounds are estimated using a bootstrap method. Bracketed
numbers represent the number of grid-points.
of the baseline mortality for a given PFT, we take a sub-sample of the grid-boxes
that are within the top quartile of non-zero coverages (νeq > 0.01) (Table 3.5). The
median µ0 value diagnosed from the top quartile of BET-Tr of 0.232 (Table 3.5), is
very close to the value calculated in our previous paper (Moore et al., 2020) of
approximately 0.235 for all of South America using the RAINFOR sites.
Table 3.5: The area-weighted median values of observed coverage and driving net as-
similate against µ0 and γ for the upper quartile of grid-boxes for each PFT.
PFT Area weighted median
νobs P (kgC m−2 yr−1) µ0 γ (yr−1)
BET-Tr 0.793 0.731 0.232 0.032
BET-Te 0.402 0.349 0.340 0.059
BDT 0.238 0.143 0.377 0.052
NET 0.471 0.281 0.328 0.036
NDT 0.597 0.112 0.298 0.011
C3 0.566 0.124 0.163 0.023
C4 0.545 0.123 0.189 0.029
ESh 0.142 0.028 0.744 0.094
DSh 0.116 0.024 0.713 0.036
Site-level assessments of the rates of stand mortality within pan-tropical forests
provide a range of background rates (Lugo and Scatena, 1996; Phillips, 1996;
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Figure 3.8: Comparison of observation-based estimates of tropical tree mortality (Phillips,
1996; Phillips et al., 2004) to γ values diagnosed from RED for the BET-Tr PFT (for the top
25% of fractions for this PFT). (a) location of observational sites (red and green crosses)
versus the chosen RED grid-points (blue circles); (b) distribution of mortality across grid-
boxes; (c) mortality distribution across the BET-Tr grid-points. Bracketed numbers in panel
(b) represent the number of measurements, and in panel (c) the number of gridpoints.
Phillips et al., 2004). Phillips (1996) estimates mortality rates collected across 40
pan-tropical sites for tree sizes greater than 10 − 25 cm dbh. Later work by Phil-
lips et al. (2004) used the demographic data from the RAINFOR dataset of trees
≥ 10cm dbh. Using these site assessments, we can make a comparison to BET-Tr
equilibrium mortality rates by looking at the values of γ in areas where we would
expect to see old growth forests. We use the top 25% of coverages of the BET-Tr
PFT to represent plausible areas of undisturbed forest. Figure 3.7 shows that
the diagnosed baseline mortality rates are in reasonable agreement with these
observational estimates for Amazonia. There is a need to better understand the
influence of mortality arising from disturbance events such as droughts and fire
in order to constrain model projections (Pugh et al., 2020). Here we investigate
if the equilibrium mortality rates implicitly capture areas of disturbances, by com-
paring the mean tree mortality rate to fire and land-use surveys (the mean mor-
tality is defined here by weighting grid-box γ values by grid-box fractional cover-
ages). There are a number of surveys relating stand mortality in regions prone to
wildfires (Swaine, 1992; Kinnaird and O’Brien, 1998; Peterson and Reich, 2001;
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Van Nieuwstadt and Sheil, 2005; Prior et al., 2009; Staver et al., 2009; Brando
et al., 2014). In a broad sense, post-fire mortality rates can range from 0.06 yr−1
to catastrophic rates around 0.8 yr−1 and can vary quite considerably depending
on tree species, fire frequency and drought severity. The drought-fire interaction
is responsible for significantly increasing mortality post-fire and can be a driving
cause of regional die-back (Allen et al., 2010; Brando et al., 2014). Using the
ESA FIRE CCI dataset (Chuvieco et al., 2019) we can estimate the burnt vegeta-
tion fraction per year. Taking the average burnt vegetation fraction for the months
between 2000 and 2010, and converting into annual burn rate we gain an estim-
ate of fire severity.
Another key issue is anthropogenic land-use and land-use change (Nepstad et al.,
2008; Haddad et al., 2015). Fragmentation of natural forests is understood to
raise the mortality of the remaining forest and to decrease the overall resilience
of the ecosystem (Esseen, 1994; Laurance et al., 1998; Jönsson et al., 2007).
In order to maintain a near-constant agricultural fraction, regular disruption such
as grazing is needed to prevent re-colonisation and secondary succession (Dor-
rough and Moxham, 2005; Van Uytvanck et al., 2008; Chaturvedi et al., 2012).
We carry out a comparison with land-use using the 2000 ESA LC CCI inferred
crop coverages (Li et al., 2019).
In Figure 3.9, we see the derived observations for burn area (a) and crop fraction
(b), along with the derived mean γ for the tree PFTs (c). From Figure 3.8 (d), we
see that there are areas of large mortality (γ > 0.075 yr−1) that do correspond
to areas where we see large fire activity (burn rate > 0.1 yr−1) and increased
crop fraction (> 0.25). However, large burn rates are seen to overlap in parts
of central Brazil around the Cernado region, Southern Africa and North Western
Australia where fires are understood to play a significant part within the ecosys-
tem (Coutinho, 1990; Medeiros and Miranda, 2008; Prior et al., 2009; Staver et al.,
2009). There are also some areas of agriculture which correspond to deforest-
ation, such as in the Atlantic forests of Brazil and in Indonesia (Higuchi et al.,
2008; Curran et al., 2004). Areas of increased disturbances result in grasses and
shrubs dominating (Figure 3.3).
Analysis of the RED equilibrium is an indirect approach to estimating tree mortal-
ity based on simple yet mechanistic principles of demography, and relying on few
inputs (vegetation cover and assimilate). It is however conditional on the assumed
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estimates of vegetation coverage and net rates of assimilation.













120°W 60°W 0° 60°E 120°E

























(d) Raised Mortality & Disturbances
> 0.075yr 1 Burnt Area > 0.1yr 1 Crop Fraction > 0.25
Figure 3.9: Comparison of diagnosed mortality rates, with observation-based maps of
fire and land-use. (a) annual burnt area fraction from the ESA FIRE CCI dataset; (b) crop
fraction from the ESA LC CCI 2000 dataset; (c) diagnosed mortality rate γ for the tree
PFTs (BET-Tr, BET-Te, BDT, NET, NDT); (d) overlap of areas of higher tree mortality rates
(γ > 0.075 yr−1) with areas of fire (Burnt Area > 0.1 yr−1) and agriculture (Crop Fraction
≥ 25%).
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3.3.2 Dynamical Simulations
Local: Simulating Succession
In this subsection we demonstrate the vegetation successional dynamics simu-
lated by RED in an idealised spin-up from bare-soil, for a grid-box at the edge
of the Amazonian rainforest (Figure 3.10). We also simulate a separate run with
the diagnosed equilibrium number density (from the previous section) as the ini-
tial condition. Under these circumstances, the diagnosed initial state is indeed
the long-term equilibrium state, as evidenced by the horizontal dashed lines in
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Figure 3.10: Dynamical runs of RED for a grid-box at the edge of the Amazonian rain-
forest, starting from bare soil (solid lines) and the diagnosed equilibrium state (dashed
lines). (a) PFT fractions versus time; (b) biomass versus time; (c), (d) and (e) snap-
shots of the number density distribution of the PFTs across mass classes at different
times. Lines marked as + are the equilibrium runs while X indicates the spin-up run.
The ultimate steady-state is determined by the balance between recruitment and mortal-
ity; equation (3.11). Intra- and inter-PFT occurs here through the shading of seedlings,
which implies that just a fraction of the gridbox (s, ‘space’ or ‘gap’ fraction) is available to
grow seedlings, equation (3.12).
Faster growing grass PFTs dominate the grid-box within the first twelve years,
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before being replaced by evergreen shrubs which shade the grass seedlings.
Eventually, Broad-leaf Evergreen Tropical Trees replace much of the shrub and
grass, on a timescale determined in large part by the parameter α and the ref-
erence mass class m0. With the parameters used here, the vegetation fraction
reaches close to its equilibrium value after about 100 years (panel (a)), but full
spin-up of the biomass takes around 150 years (panel (b)).
The modelled evolution of number density versus mass distribution for each PFT
is shown in panel (c) (after 6 years), panel (d) (after 13 years) and panel (e)
(after 100 years), with the eventual demographic equilibrium profiles shown by the
dashed lines. It is clear that grass PFTs are close to their demographic equilibrium
after only 6 years, but tree PFTs need more than 100 years to reach equilibrium.
The dashed lines in Figure 3.10 represent a dynamical RED simulation from the
diagnosed demographic equilibrium state. This state is derived using the meth-
odology described in Section 3.2.5, with one significant change. The competition
rules given by equation (3.12) and Table 3.2 result ultimately in equilibria which
have a single dominate PFT in each class of co-competing types (trees, shrubs,
grasses). To avoid drifts associated with the competitive exclusion of the subdom-
inant PFTs in each vegetation class, we choose to initialise the dominant PFT to
have the total area fraction of all the PFTs in that vegetation class.
Global: Spin-up from Bare Soil
Transient simulations of global vegetation will be the subject of a future paper, but
in the final subsection of this paper we wish to demonstrate the utility of the semi-
analytical equilibrium for initialisation of global model runs. Figure 3.11 shows
the time-evolution of global mean PFT fractions and biomass from a global run
driven by net assimilation rates from the UKESM model. Once again, two RED
simulations are shown, one started from bare soil (solid lines) and the other from
the semi-analytical equilibrium state (dashed lines). Using a constant assimilate
rate (Figure 3.4) and the mortality distribution (Figure 3.7), we see convergence of
these two runs, but only after more than 1000 years of simulated time. The ability
to diagnose the equilibrium state therefore has the potential to reduce model spin-
up time hugely, especially for Earth System Models (ESMs) applications.
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Figure 3.11: Global model spin-up from bare soil. As for figure 3.10, solid lines are spin-
up from bare soil, dashed lines are the equilibrium instillation run. Panel (a) represents
the fractional global coverage relative to the total land area; panel (b) represents the total
biomass of the vegetation.
3.4 Discussion
Our previous work in evaluating demographic equilibrium theory for regional forest
inventory datasets in North America (Moore et al., 2018) and using RAINFOR
sites for South America (Moore et al., 2020), has provided the theoretical basis for
the development of RED. In those studies we found that the tree size-distributions
observed at a large-scale in forests can be satisfactorily understood in terms of
demographic equilibrium in the size dimension alone. This is a reduction in com-
plexity compared to other cohort models which are based on patch age, and
yet an improvement in ecological fidelity compared to older phenomenological
DGVMs such as TRIFFID (Cox, 2001). The modular design of RED allows for
easy coupling to land-surface schemes, merely requiring the per unit grid-box
total carbon assimilate rate and any additional mortality disturbance rates as
inputs for each grid-box (Figure 3.2). In principle, RED allows scope for more
complex tree size-dependent processes, although in this first study we chose to
assume size-independent (but spatially varying) mortality rates for each PFT. Our
previous work suggests that this is a good first-order assumption (Moore et al.,
2018, 2020).
Internally within the model we make a number of simplifications. Firstly, the num-
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ber density for each PFT is treated as a function of plant mass alone. This imme-
diately eliminates the need to explicitly represent patches, and therefore removes
age as an independent dimension. This is a distinct approach relative to cohort
DGVMs which are based on patches defined by time since disturbance, such
as the POP or ORCHIDEE-MICT models (Haverd et al., 2014; Yue et al., 2018).
Secondly, we assume that plant growth rates vary as a power of plant mass.
By default we assume a power of φg = 3/4, which is consistent with Metabolic
Scaling Theory (Enquist et al., 1998) and the empirically determined allometric
relationships of Niklas and Spatz (2004).
Finally, we assume that competition is only significant for the lowest ‘seedling’
mass class. This enables us to represent gap dynamics among plants and res-
ultant stages in succession. This represents a significant simplification compared
to other approaches involving the Perfect Plasticity Assumption (PPA), as used
within DGVMs such as LM3-PPA or CLM(ED) (Fisher et al., 2015; Weng et al.,
2015), where canopies are assumed to perfectly fill gaps, equation (1.4), through
photomorphism (Strigul et al., 2008). In LM3-PPA the radiative flux is limited by
the available gap fraction in a given crown layer. PPA parallels our gap boundary
condition at the lowest mass class, equation (3.11), but in RED the growth of a
cohort is given by the disaggregation of total growth via metabolic scaling; equa-
tion (3.16).
These simplifications allow RED to be solved analytically for the steady-state ve-
getation cover given information on the mortality and growth rates per unit area
for each PFT. Such analytical steady-state solutions mean that RED can be easily
initialised in drift-free pre-industrial states, which is vital to avoid spurious sources
and sinks in climate-carbon cycle projections. The analytical solutions also enable
RED to be calibrated to the observed vegetation cover, via a single parameter
(µ0) which represents the ratio of mortality to growth for a tree of an arbitrary
reference mass. The existence of analytical steady-state solutions for RED also
opens up other promising research avenues. For example, these solutions imply
relationships between the fractional coverage of each PFT, total plant biomass,
and the ratio of mortality-to-growth. This in turn allows RED to be calibrated using
observations of any two of these quantities. The analytical solutions also allow
optimality hypotheses to be explored, for example the hypothesis that the fraction
of net assimilate allocated to seed production maximises stand-density and/or
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biomass (see chapter 5).
Aside from the existence of analytical steady-state solutions, RED is attractive for
large-scale applications because it is both parameter sparse (‘parsimonious’) and
requires very few driving variables. The main driving variable is the time-varying
net plant growth rate for each PFT, which is defined as net primary production
minus the local litterfall. These driving data can be provided by a land-surface
scheme, as we do in this study, or from observations where appropriate (while the
there does exists remotely sensed data on NPP, see section 5.6.3, there is a lack
of local litter data). The only other driving variable for RED is the mortality rate,
which we treat in this study as a geographically-varying PFT-specific constant that
is independent of mass. However, in principle RED could utilise mortality rates
that depend on plant mass and time to represent individual disturbance events
(e.g. forest fires, disease outbreaks). Despite its simplicity, the RED model is
able to fit the global distribution of vegetation types (Figure 3.5), and simulate
successional dynamics, including changes in forest demography (Figure 3.10).
There are inevitably weaknesses with any particular modelling approach. For
RED, a current limitation is for competition to lead to a single PFT at each location
within each co-competing vegetation class (i.e. tree, shrub, grass). The PFT with
the highest equilibrium fraction will end up excluding sub-dominant PFTs within
the same vegetation class. It was necessary for us to account for this eventual
competitive exclusion to derive zero-drift steady-states for the global runs presen-
ted in Section 3.3.2. Such competitive exclusion is a common problem in DGVMs
(Fisher et al., 2018). Currently, RED would therefore not be the most appropriate
DGVM to answer important questions regarding the role of biodiversity in eco-
system function (Pavlick et al., 2013; Levine et al., 2016). More sophisticated
DGVMs are required to simulate plant diversity, such as individual-based models
(Fischer et al., 2016), and DGVMs specifically-designed to capture sub-gridscale
patch dynamics (Longo et al., 2019b,a). Adapting our ‘gap’ boundary condition,
equation (3.12), appears to be a promising way to allow greater PFT diversity in
RED, without unduly increasing model complexity. We see this as a key priority
for future research.
RED is currently being coupled to the JULES Land Surface Model, replacing
TRIFFID as the default DGVM within that framework. In parallel, significant im-
provements are being made to the representation of physiological processes in
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JULES, most notably through the representation of non-structural carbohydrate
(‘SUGAR’, Jones et al. (2020)), and through the inclusion of a coupled model
of stomatal conductance and hydraulic failure under drought stress (‘SOX’, Eller
et al. (2018, 2020)). Plans are also being made to derive the mortality rates for
RED from the INFERNO forest-fire model (Burton et al., 2019). These develop-
ments will allow us to simulate the effects of size-dependent tree mortality rates
within the near future.
3.5 Conclusion
In this chapter we have presented a new intermediate complexity second-generation
dynamic global vegetation model (DGVM), which captures important changes in
forest demography. The Robust Ecosystem Demography (RED) model makes
a number of important simplifications to achieve this. These simplifications are
based on theoretical concepts (e.g. metabolic scaling theory to estimate how
plant growth rate varies with plant mass and minimum crown overlap) and also
comparison to observed forest demography (Moore et al., 2018, 2020). As a
result, RED is parameter sparse and can be driven with time series of net plant
growth rate (and optionally disturbance rates) for each plant functional type (PFT).
We have demonstrated that RED can be calibrated effectively to observed global
vegetation maps, using a single fitting parameter (representing the ratio of mor-
tality to growth for a plant of an arbitrary reference mass). In the future RED will
be used in coupled climate–carbon cycle projections so to assess how changes
in vegetation demography impact future CO2 and climate. We have made the
prototype RED code publicly available, and we hope that Earth system and land-
surface modellers will make good use of this framework to further their own re-
search.
4 RED version 2: plant diversity,
regrowth, and improved numerics
Rationale for Chapter
In this chapter we examine some of the issues present in RED version 1, and seek
to address these in version 2. Firstly, the impact of the numerical discretisation
of the mass classes. There is potentially a lot of numerical divergence present in
version 1, with big differences between the continuous and discrete at equilibria
(see appendix A for comparison). Secondly, there is significant dependence of
regrowth time-scales on arbitrary parameters; the boundary mass, m0, and the
minimum vegetation fraction. Finally, there is a lack of intra PFT diversity (e.g.
tree vs tree) diversity. For instances trees completely exclude trees otherwise the
area occupied by vegetation is more than the grid-box, thereby breaking the hard
exclusion approximation. This outcome has been an issues in other DGVMs that
rely on Lotka-like competition, including TRIFFID and CTEM (Cox, 2001; Arora
and Boer, 2006). For RED version 2, we want to address these issues while
retaining the inherent simplicity of version 1. Later in this chapter, to demonstrate
how RED can be used to examine the dynamics of secondary succession and
the importance of size-demography in these outcomes, we simulate three forms
of influences (land-use, fire and drought) in toy models and the resultant regrowth.
4.1 Improving mass class discretisation
There is numerical error in fixing the growth rate of population flux, Fi = Nigi/(mi+1−
mi), on the left boundary between mi to mi+1, as assumed in the original version
of RED (Argles et al. (2020); Chapter 3 of this thesis). This arises as g ∝ mφg ,
the growth rate increases non-linearly between the masses. By fixing gi to the left
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mass, we underestimate the number of trees entering into the next class. This
error increases with wider mass widths. To account for this, version 2 adjusts the
flux equation (3.10) with a growth rate, gf,i, calculated between mi and mi+1. We
explore the optimum position for the calculation of the fluxes, with the following
initial schemes:
1. Left-boundary flux: gf,i = gi.
2. Right boundary flux: gf,i = gi+1.
3. Linear midpoint flux: gf,i = g0(mf,i/m0)φg , where mf,i = 1/2(mi +mi+1).
4. Log midpoint flux: gf,i = g0(mf,i/m0)φg , wheremf,i = exp {1/2 (ln {mi}+ ln {mi+1})}.
Given we have analytical solutions for the continuous (chapter 5) and dis-
crete equilibrium (as outlined in section 3.2.5), we can test for the numerical error
between each implementation (Figure 4.1). Ignoring the top classes, there is con-
vergence among all schemes to the continuous number density as I → ∞. All
schemes of gf typically underestimate the number density to the analytical solu-
tions at low masses, while overestimating at higher masses. Placing gf at the
right boundary generates the most truncation error, while placing gf at the left
boundary minimise this error.
We can also compare how the choice of scheme affects the error relative
to total coverage. Using the RED version 1 for a single PFT, and spinning up
from a minimum vegetation fraction with a constant growth rate, we see that as
we increase the number of mass classes, each flux scheme gets closer to the
continuous equilibrium (Figure 4.2). In terms of dynamics the choice of gf,i causes
a varied response of both the shape and time-scale for the ecosystem spin-up.
By having gf,i = gi, RED version 1 significantly overestimates the spin-up time,
especially given low mass classes (Figure 4.2.a). As I → ∞, under this scheme
there is slow convergence to the continuous equilibrium, with underestimation
of the total coverage (Figure 4.2.d). There is the opposite result when using
the right-hand scheme, which significantly underestimates the spin-up time and
overestimates the final equilibrium coverage. The range between the left and right
boundaries (light blue minus light yellow in figure 4.2.d) provide us with the extent
of possible errors for the choice gf . Both the linear midpoint (Figure 4.2.b) and








































































































Figure 4.1: Comparing numerical flux schemes within RED to the continuous solution
offered by CF-DET (Chapter 5) for 10 (panel a), 20, 30 and 100 mass classes over the
same min (m0 = 1 kgC) and max (mI = 50, 000kgC) mass range. RED vn1.0 (Argles
et al., 2020) corresponds to a ”left-boundary” flux calculation.
log midpoint (Figure 4.2.c) occupy a space part way between the left and right
boundaries.
Because the contribution of the total carbon density is weighted to the larger
trees (Figure 2.5) the total carbon density is particularly sensitive to the truncation
error (Figure 4.1.d). Past a certain number of classes, the negative population flux
error is outweighed by the error from truncating at mI . To find the gf,i position that
reasonably balances both the underestimation of the population flux and the trun-







, mf,i = (1− w)mi + wmi,+1. (4.1)
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Figure 4.2: Dynamic simulations of RED with different discrete flux calculations compared
with the continuous CF-DET solution for total coverage. For one PFT (m0 = 1kgC and
mI = 50, 000 kgC, α = 0.1, µ0 = 0.235). Each panel of a-c shows dynamic simulations
with increasing mass classes; dark blue: 10, light blue: 20, dark green: 30 and light green:
100. The black line indicates the analytical continuous solution for coverage. Panel (e)
compares the difference between each scheme to the continuous equilibrium solution.
For the PFT parameters defined in figure 4.1, and using the continuous solu-
tion for the equilibrium (5.24), we get a carbon density of Meq = 25.7 kgC m−2. By
plotting the continuous and numerical carbon density against w and the number
of mass classes, I, we are able to find the value of w that minimises continuous-
discrete difference (Figure 4.3). Figure 4.3.b shows that increasing the number
of classes to 30 will mitigate the numerical error. Increasing classes past 30 no
longer contributes to a reduction in the difference. This is because the truncation
of the number density at mI in the discrete solution is semi-independent of the
number of classes. However, this also means that the best w is also fixed past 30
classes at w ≈ 0.086. Therefore, RED version 2 uses this value.
For simplicity, we still keep the sum of the growth G =
∑
Nigi, with gi being at
mi. To conserve carbon, we add the extra growth Ni(gf,i− gi) to the demographic
litter. In addition, The discrete equilibrium solution changes from equation (3.20),
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Figure 4.3: Panel (a) shows the discrete equilibrium carbon density, along with the line
where the discrete is equal to the continuous solution (black line). Panel (b) shows the
percentage difference between the continuous and discrete equilibrium carbon density,
against the number of classes and the gf,i position. w = 0 corresponds to gf,i = gi, while
a w = 1 gives gf,i = gi+1.
4.2 Regrowth sensitivity to parameters
To investigate the relationships between parameters and regrowth time for RED
version 1, we set up a test where one PFT regrows from a minimum vegetation
fraction, νmin. Given the equilibrium solutions of RED it is possible to fix the equi-
librium at Meq.
We perform a parameter sensitivity analysis, where each ensemble member
was selected from distributions that provide a plausible range of realistic para-
meter values (Figure 4.4). For α, γ and a1kgC we use a truncated normal distribu-
tion. a1kgC is a reference crown area which can be rearanged for a0 using equation
(3.3). For the boundary mass, m0, we pick a uniform distribution between 0.2 kgC
and 1.2 kgC. We then iterate for the equilibrium carbon density, using equations
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Figure 4.4: RED version 1 parameter distribution for investigating regrowth times. Para-
meters (a) α, (b) γ, (c) m0, (d) a1kgC, and (e) νmin are picked from an assumed Probability
Distribution Function (red line). PDFs are roughly chosen to be around the default values
from RED version 1 (Arora et al., 2020). Most parameter PDFs are truncated normal
distributions, with the exception of boundary mass which is uniform. (f) Peq, (g) g1kgC and
µ1kgC are estimated from the resultant equilibrium solution for Meq.
(3.29) & (3.33), for a value of Meq = 15 kgC m−2 to find the value of µ0 which
satisfies the solution:















Given the simulation is using a single PFT, equation (4.3) can be iterated to find
a solution for µ0. Through the definition of µ0 we invert for the required value of g0
and equilibrium carbon assimilate (Figures 4.4.h and 4.4.f).
Using the combination of both g0 and γ, RED is driven from the minimum ve-
getation fraction (Figure 4.5). For some values there is breaking of the numerical
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Figure 4.5: Ensemble simulations of a single PFT spun up to a equilibrium carbon dens-
ity of 15 kgC m−2, with each simulation having random PFT parameters. Panel (a) the
ecosystem carbon density over time for each ensemble member. Panel (b) shows the dis-
tribution of the intercept times, when the carbon density is over half-way to the equilibrium
value.
stability Courant–Friedrichs–Lewy condition, resulting in overshooting. The plant
growth, in a given time-step, is greater than the width of the binning of the masses;
g ≥ ∆m/∆t, this outcome has previously been outlined in Moore (2016).
To get a measure of regrowth senstivity, we record the time, τ50, to get to
50% of the equilibrium value (15kgC m−2). This is approximately at the inflexion
point of the regrowth logistic curve. For the majority of runs the threshold of τ50
is met within 300 yr (Figure 4.5.b). When compared with observations, this is
potentially an unrealistic regrowth time-scale for secondary-succession (Heinrich
et al., 2021). However, we are assuming distributions of initial vegetation fractions
that are small; down past νmin < 0.001, in reality plants may not wholly be removed
after a disturbance.
We can plot how τ50 varies with each PFT parameter for the same equilib-
rium carbon density (Figure 4.6). Certain parameters have a significant impact
on the regrowth time-scales. For instance, by having larger mortality a PFT must
compensate by having a larger growth rate to reach the same equilibrium point.
Through equation (3.11), this means more assimilate is being used for recruit-
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Figure 4.6: Sensitivity of each PFT parameter to the threshold time, τ50, where the eco-
system carbon density is half-way to equilibrium.
ment, decreasing regrowth times significantly. There is a constrained range for re-
growth times for low mortality rates, with τ50 being at least 150 yr for γ < 0.04 yr−1
(Figure 4.6.b).
Another important factor in regrowth times is the initial vegetation fraction (Fig-
ure 4.6.e). Given the values picked for νmin is over log-space and close to zero,
the mean regrowth time from νmin = 0.1 versus νmin = 0.01 varies significantly;
τ50 ≈ 120 yr versus τ50 ≈ 200yr, respectfully. Like mortality, having a greater
initial vegetation cover also constrains regrowth times. The final sensitive para-
meter is the boundary mass, m0. Having a lower boundary mass will decrease
regrowth time, because the number of recruits is proportional to αP/m0. τ50 has
significantly less sensitivity with other variables like α, a1kgC, and µ1kgC.
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4.2.1 Explicit Seed Class
A key model issue with RED version 1 is how to define the boundary m0. RED
version 1 model uses the mass 1kgC for trees, without significant justification.
The value of which is sensitive for regrowth time-scales. A large m0 will add mul-
tiple decades on reaching equilibrium (Figure 4.6). For this reason we choose to
include a seed pool density, Ns, before applying competition. This also allows the
the model to robustly define a tangible lower-bound to the plant size-structure,
and expand the scope by including explicit seed related processes. In the most
simplest form, we follow the assumption of seed/tree turnover equivalence; that
the rate of germination, gs = g0 and γ = γs, is such that γsms/gs = µ0. The con-
tinuous derivation for this assumption is presented through CF-DET, in chapter





the ratio of assimilate devoted to reproduction, αP , and the seed mass, mw.
Where ms = m0 and Fs is the flux entering into the seed pool. Seeds germin-





s is equivalent to the shading term defined in equation (3.12). The discrete dy-
namics of the seed pool, Ns is defined in a similar way as equation (3.17):




F (j)s − F (j)0 − γ(j)s N (j)s
)
, (4.6)
where γs is the seed mortality. In RED version 2 the seed pool does not contrib-
ute towards the total coverage, and therefore competition. The total seed mass
density is added t the total carbon density:




gs does not contribute to total growth as there is no gain in mass; seeds are ger-
minating into plants of the same mass. RED version 1 spins up from νmin, the
value of which can have a significant impact on regrowth time (Figure 4.6.e). The
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value of νmin also affects the competition fluxes. To remove the reliance on νmin,
we choose to instead use a minimum seed density, Ns,min, Ns,min and gs estab-
lish a minimum flux into the population, which can potentially be related to the
time-scales of forest migration. Migration of forests is normally a relatively slow
process. Svenning and Skov (2007) suggests rates of between 25 − 2500m yr−1
for post-glacial tree migration in Europe after the Pleistocene epoch, representing
a very slow processes for ESMs scales (Figure 1.2).
4.2.2 Seed Pool Steady state
We must adjust our equilibrium to account for the new seed pool. The equilibrium










The flux entering into the seed pool is equivalent to the number of seeds leaving,







NeqXG = Ns,eq (γs + gs) . (4.10)
Substituting in equations (4.10) and (3.24), we end up with the equivalent equilib-













to CF-DET equation (5.17). A key outcome is that we still retain the simplicity
of the RED version 1 steady solutions, but with the added feature of explicitly
representing seeds (see chapter 5).
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4.3 Implementing Diversity
As outlined in section 1.2.2, there are issues with DGVMs that rely on the hard-
exclusion principle and the representation of intra-PFT diversity (Arora and Boer,
2006; Scheiter et al., 2013). In RED version 1, the assumption of c = 1 for
PFTs within the same group does not account for observations where tree PFTs
exists within the same grid-box (Figure 3.5). Thus RED version 1 underestimates
diversity of species observed at large scale.
For example, let us assume two tree PFTs, A and B, have respective equilib-
rium vegetation fractions; νA and νB, along with a shared competition coefficient
c = cA,B = cB,A. In RED, we know that in order to sustain a population the ve-
getation fraction must be below equation (3.32), otherwise the number of deaths
will be greater than number of new recruits. This means that for αA = αB, if
µ0,A < µ0,B, then at equilibrium; νA → 1−(1−α)µ0/(αFg) and νB → 0 (Figure 4.7,
c = 1). In the dynamic model, the grid-box will always have a tree monoculture
(Figure 4.11.a). For co-existence µ0,A must equal µ0,B, which is not a realistic
outcome as mortality and growth vary between species.
Lotka models can get around this by assuming that c < 1 (Arora and Boer,
2006). This enables co-existence, allowing for some overlap between vegetation
fractions. However, in certain instances this breaks the hard-exclusion approxim-
ation, equation (1.1); the total PFT area, νA + νB is greater than the grid-box area
(Figure 4.7, c = 0 and c = 0.5).
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Figure 4.7: How the equilibrium coverage for the two example PFTs, A (panel a) and B
(panel b) vary with µ0 and the competition coefficient, c (with c = cA,B = cB,A.
To account for this breaking of the hard-exclusion rule, we must remove the
assumption that total canopy area is consistent with the total area occupied. In
reality trees overlap. Therefore, the space occupied is redefined as the total





not exceed the grid-box area:
νbare +
∑
νTD,i = 1, (4.12)
where νbare is the fraction of bare soil.
For simplicity, let us assume that all PFTs of the same group posses the same
c value for competing with each other and more dominant PFT groups (Table 4.1).
We can estimate the total top-down space as:
νTD,i = cνi. (4.13)
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Table 4.1: Competition coefficients assumed for different plant functional groups under
RED version 2.
l
ckl Trees Shrubs Grasses
Trees 1 0 0
k Shrubs c 1 0
Grasses c c 1
(1− c)ν is the degree the fractions overlap. This allows RED version 2 to sim-
ulate diversity and and still have effective vegetation fractions that do not exceed
unity. The assumption of c being a shared constant avoids the additional math-
ematical complexity of accounting for different inter-PFT overlap tolerances. In
the earlier example, if cA,B 6= cA,C , then estimating νTD,i is significantly harder.
4.3.1 Estimating the diversity of an Ecosystem
Let us define a diversity indices, Hc. Hc is the Shannon Diversity Index but ac-
counting for the “niche overlap” of the system. Hc can be estimated from any

















Hc is the degree quantity Z is not occupying the same fractional area. A recent
concept in ecology, is that ecosystems adhere to the principle of maximum en-
tropy (Harte, 2011), or Maximum Entropy Theory of Ecology (METE). METE is
that given a set of resource constraints (such as energy or space), a system will
occupy a state that maximises the entropy or species diversity/abundance. This
is because the maximum likelihood of seeing such a macroscopic state is one
which corresponds to the maximum number of microscopic states. A study by
Xiao et al. (2015), found that the METE explained the vast majority of species
abundance across 60 globally distributed natural forests.
To mimic the outcome of METE, RED version 2 assumes that the shared c,
is one which maximises equation (4.14), with respect to the coverage (Zi → νi)
(Figure 4.8).
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Figure 4.8: The modified Shannon diversity index, Hc, of ecosystem equilibrium coverage
(red line) and carbon density (blue line) versus the shared competition coefficient for RED
version 2. The six PFTs are chosen from table 4.2. Respective maximums are shown by
the dotted black lines.
4.4 Comparing RED version 1 to 2
Here we compare the improvements of RED version 1 and 2. For this we select
six PFTs whose parameters are chosen to represent a range of traits (Table 4.2).
The PFTs are divided into representing the group hierarchy; grasses, shrubs and
trees. Each group has two PFTs that shade each other and sub-dominant groups
(Table 4.3). For RED version 1, the competition coefficient is c = 1. While for RED
version 2, we select a coefficient of c = 0.78, this is to maximise the ecosystem
diversity per unit area (Figure 4.8). Instead of selecting a optimum binning for a
given m0, for simplicity we choose a maximum mass; mI .
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Table 4.2: Selected PFTs with parameter values for comparing some of the advance-
ments of RED version 2 with version 1. PFTs are classified by a spectrum of turnover

















Grass-A 10 0.01 100 1 1 0.1 0.5 0.15 0.3
Grass-B 10 0.01 100 1 1 0.1 0.45 0.09 0.2
Shrub-A 20 0.015 5×103 1 1.5 0.05 0.35 0.05 0.143
Shrub-B 20 0.015 5×103 1 1.5 0.05 0.3 0.04 0.133
Tree-A 30 0.02 5×105 1 2 0.01 0.25 0.025 0.1
Tree-B 30 0.02 5×105 1 2 0.01 0.2 0.02 0.075
Table 4.3: Competition coefficients used in comparison of RED version 1 and 2. PFTs at
the same successional stage (e.g. Early, Mid, and Late) compete with each other. For
RED version 1 c = 1, else for version 2 c = 0.78.
l
ckl Grass-A Grass-B Shrub-A Shrub-B Tree-A Tree-B
Grass-A 1 c c c c c
Grass-B c 1 c c c c
k Shrub-A 0 0 1 c c c
Shrub-B 0 0 c 1 c c
Shrub-A 0 0 0 0 1 c
Shrub-B 0 0 0 0 c 1
RED version 1 and 2 were respectively initialised using a minimum vegetation
fraction and minimum seed density. To make comparison fairer, these two bound-
ary conditions are assigned the same value. For RED version 1 the number
density in the first class is; N (0)0 = νmin/a0. For RED version 2; N
(0)
s = νmin/a0. To
be consistent with Argles et al. (2020), we choose a minimum vegetation fraction
of νmin = 1× 10−3.
4.4.1 Single PFT
To investigate the impact of the new numerical scheme and seed pool, we sim-
ulated all PFTs individually. We run RED version 1 and version 2 from spin-up
for each PFT in table 4.2 (Figure 4.9). RED version 2 results in faster regrowth
times for trees, and to a lesser extent shrubs and grasses. For PFTs with a large
number of mass classes, RED version 2 is more consistent with the continuous
equilibrium solutions. This is expected as low class PFTs typically underestimate
the carbon density (figure 4.3).
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We also compare how each new modification influences the regrowth dynamic
(Figure 4.10). To do this we run RED version 2, but with the previous flux scheme:
with gf,i = gf,0. We also run RED version 1 with the new flux scheme: gf,i =
wgf,0, w = 0.09. While both changes reduce regrowth time, the addition of the
seed pool contributes the most. The new flux scheme increases the equilibrium
carbon density. The overall impact is a faster and steeper regrowth curve.
Figure 4.9: RED version 1 and 2 spin-up comparison of individual PFTs carbon density.
PFTs listed in table 4.2. Blue and red lines are the spin up simulations of RED version
1 and version 2 respectively. Blue and red dotted lines show respective version 1 and 2
equilibrium. While yellow lines show the continuous solutions for the carbon density from
CF-DET (Chapter 5).
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Figure 4.10: Contribution of each RED version 2 change to the spin-up simulations of
carbon density for each individual PFT defined in table 4.2. Blue line is a simulation using
the new gf flux scheme, with no seed pool. Yellow line is a simulation using a seed pool,
but without the flux scheme. Red line is the combined impact of both changes in RED v2.
4.4.2 Many PFTs
To compare the changes to diversity, we now include all the PFTs together for the
spin-up simulation. From the parameter values present in table 4.2, we are able to
solve for the equilibrium solution by estimating the coverage from the respective
µ0 = µ1kgCm
1−φg
0 and equation (4.11). In addition, we perform a test where RED
version 2 starts with the equilibrium seed density, N (0)s = Ns,eq; equation (4.10).
This is to simulate a hypothetical scenario of regrowth where a disturbance has
removed all the plants, but not the seeds. This is to illustrate how the addition of
the seed pool improves the representation of secondary-succession.
Figure 4.11 shows the simulation results across a 800 yr period. RED version
1 has complete competitive exclusion of all PFTs expect Tree B in the equilib-
rium, and takes significantly longer period to reach this point. In contrast, having
c = 0.78 decreases the time-scale of regrowth and allows for diversity of PFTs at
the equilibrium (Figure 4.11.b). With the new seed class, we can now more ap-
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Figure 4.11: Successional comparision between RED version 1 and version 2 for PFTs
listed in table 4.2. Carbon density is plotted against simulation year. Panel (a) shows the
spin-up of RED version 1 from a minimum fraction. Panel (b), RED version 2 is driven
from a minimum seed density. Panel (c), RED version 2 regrowth, where the initial seed
flux is equal to the equilibrium seed flux.
propriately represent secondary succession and have much faster regrowth times
(Figure 4.11.b). By setting the initial seed density to the equilibrium, we can ap-
proximately half the time taken to pass the τ50 threshold for the total ecosystem
carbon density (Mtot ≈ 8.5 kgC m−2 at ∼ 100 yr) over spinning up from a minimum
boundary (Mtot ≈ 8.5 kgC m−2 at ∼ 200 yr). This can be further reduced if the
disturbance event is not absolute in the removal of all the trees, as we will explore
in the next section.
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4.5 Implementations of Land-use, Land-use change,
and Disturbances
DGVMs have relied on a variety of relationships to capture drought or fire (Chapter
1). These processes vary from area-based rates of disturbance, oriented around
the concept of patches (Moorcroft et al., 2001; Medvigy et al., 2009), to para-
meterisation of large-scale disturbances such as fire for individual based DGVMs
(Smith, 2001; Thonicke et al., 2001). Perhaps the simplest implementation of
area-based disturbance is within average-area models, such as fire in JULES-
INFERNO (Burton et al., 2019). In reality, the impact of drought and fire on veget-
ation is heavily dependent on demography (Gora and Esquivel-Muelbert, 2021).
Another exogenous interaction is land-use change. In exclusionary models land-
use change can be implemented as an additional tile-type or PFT that is given
priority for space (Haverd et al., 2018; Littleton et al., 2020).
With RED we want to build a model framework that is capable of capturing
both area-based and size-dependent mortality processes. In the next sections
we examine three examples of how to represent both processes.
4.5.1 Area-based disturbance and Land-Use Change








Where γd is the disturbance rate. We can rearrange equation for the necessary








Where ∆νd is removed within the given time-step, ∆t. For land-use and land-
use change, RED could excluded a fraction of the grid-box from vegetation by
implementing a crop/pasture PFT at the top of the hierarchy. This effectively
stops natural PFT seeds from spreading into a proportion of the grid-box. Let us
assume a Land-Use fraction; νLU, with compeitition coefficient for natural PFTs
being ci,LU = 1. The dynamics of νLU can be proscribed, like in the CMIP runs
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(Lurton et al., 2020), or modelled separately through an independent crop model
before RED is driven. For instance, we could numerically implement a proscribed







γLUC is the required mortality to be consistent with the clearance for the land use,
∆νLU.
4.5.2 Water-stress mortality
The increased frequency and severity of drought is likely to have important implic-
ations for both regional ecosystem resilience and the carbon cycle (Allen et al.,
2010; Williams et al., 2013; Gora and Esquivel-Muelbert, 2021). The interac-
tion of droughts at an ecosystem level is complex, both growth rates (Metcalfe
et al., 2010; Jones et al., 2020) and mortality of trees are affected. The cause
of water-stress mortality is widely discussed, ranging from tree carbon starvation
(McDowell et al., 2011) through to hydrolic embolism of the plant xylem (Row-
land et al., 2015). Despite this, it is widely understood from observations (Nep-
stad et al., 2007; da Costa et al., 2010) and theory (Gora and Esquivel-Muelbert,
2021), that water-stress mortality increases with plant size. The mortality function
with respect to size could be significantly more varied, with it also increasing with
respect to smaller trees in certain situations (Fauset et al., 2012; Zuleta et al.,
2017; Gora and Esquivel-Muelbert, 2021).
Height is a key factor when considering tree risk to water-stress (Stovall et al.,
2019). In this context, we explore a hypothetical example of a mortality function
with respect to tree height, h. h is assumed to be related to the plant mass
through the allometric equation (2.22). Let us assume a power-law relationship







For the modelled PFTs the value of h0 is defined in table 4.2. Let us also
define a shared reference mortality at a height of 1 m, γws,1m = 0.05 yr−1, taken to
roughly follow the increase suggested by Stovall et al. (2019) for small trees.
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4.5.3 Fire mortality
To provide a counter example to the positive relationship between water-stress
mortality and size, we model fire mortality; γf . Forests fires typically burn within
the under-story, and the duration of fires in environments such as rainforest is
normally relatively small (Gora and Esquivel-Muelbert, 2021). Trees within the
canopy are not normally effected during rainforests fires (Brando et al., 2012), but
can experience increased environmental risk due to other disturbances after the
fire, such as from wind-throw (Van Wilgen et al., 2000).







Unlike water-stress, we assume negative value for φf , such that the maximum
mortality is at the smallest size-classes. Again we define a reference mortality
rate at a height of 1 m but with a increased mortality rate, over drought of γf,1m =
1 yr−1 (Staver et al., 2020).
4.6 Examples of Forest Regrowth
For this section we look at the regrowth of forest ecosystems from such exogen-
ous impacts. This is an important feature for DGVMs to get correct, so that they
can capture the environmental and human processes that are modelled within
climate projections (Figure 1.1).
To compare with observational data, we use the TropForC-db (Anderson-
Teixeira et al., 2016). TropForC-db compiles a list of estimated biomass and
carbon density for various pan-tropical sites. We select for sites that are cur-
rently experiencing secondary-succession (site age < 500 yr). As TropForC-db is
sourced from various studies, the measurements are not necessarily the ecosys-
tem carbon density. We can increase the number of sites by relying on conversion
relationships. For total biomass, TB, we convert to approximate carbon density,
M , by multiplying by a factor of one half. For sites with just measurements of
above or below ground carbon, AGC or BGC, we rely on the suggested relation-
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ship by Saatchi et al. (2011) to find TB:
TB = AGB + BGB, BGB = 0.489AGB0.89. (4.20)
4.6.1 Forest regrowth from agricultural abandonment
To simulate the regrowth of a forest following abandonment of agriculture we ini-
tialise to the equilibrium solutions, but with a proportion of the grid-box devoted
to land-use. This adjustment requires a modification to the steady-state cover-
age, equation (4.11), where we essentially add additional “shading” to stop seeds













After this initialisation we set νLU to zero, thereby “abandoning” the area used
for land-use and run RED to the natural equilibrium (Figure 4.12). The result of
increasing the initial fraction of νLU, is that the initial fraction of natural PFTs cov-
erage slowly goes towards zero (Figure 4.12.a). We measure this impact using
τ90, which is the time taken to reach 90% of the natural total equilibrium carbon
density. We can see from figure 4.12.b that increasing the fraction of land use,
increases the RED regrowth time in a Logit-like curve, bar νLU close to 0 or 1.
Having a grid-box which is initially 20% covered by land-use gives a τ90 below a
century. In contrast, having 80% of the initial grid-box used by land-use increases
regrowth times to roughly 250 yr. At νLU → 0, τ90 quickly collapse to zero, as the
initial carbon density is already past 90%. For νLU → 1, τ90 truncates to ∼ 390 yr,
as PFTs are removed from the ecosystem. The PFT distribution may also has a
significant impact on the behaviour of the regrowth carbon density. If the dominant
PFTs are removed from the ecosystem, the regrowth carbon density is more vari-
able. This increases for higher νLU, with more obvious successional sequences
(Figure 4.12.c). When there is no natural vegetation existing, regrowth effect-
ively follows primary succession (Figure 4.11.a), and the duration of successional
stages are maximised.
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Figure 4.12: Regrowth time-scales following land-use abandonment with PFT values lis-
ted in table 4.2. Here RED version 2 is initialised at equilibrium where a proportion of
the grid-box is devoted to land-use (a). After this space is made available to natural
PFTs, we then record the time taken to reach 90% of the equilibrium carbon density (b).
Panel (c) shows the total ecosystem carbon density across the time since abandonment,
along with observations of secondary succession of pan-topical sites from TropForC-db.
(Anderson-Teixeira et al., 2016).
For the TropForC-db observations the general trend for the first 100 years
appears to be quicker when compared with the RED regrowth trajectories. There
could be a number of factors which explain these differences. For instance, given
the resoultion of TropForC-db focuses on plots at small scale (between 0.1 −
10 ha), it could be that seed dispersal from within the locality plays a significant
role with re-spreading vegetation (Powers et al., 2009). The overall impact of
seed dispersal at greater scales is diminished (Snell et al., 2014). Secondly,
some of the regimes are plantations which might enhance the growth rate and
seed dispersal.
4.6.2 Forest regrowth from fire and drought
Here we look at the impact of size-structured mortality and disturbance duration
on the regrowth times in RED version 2. For this we assume the water-stress
and fire mortality relationships suggested in the previous sections. We assume
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Figure 4.13: Vegetation recovery from a disturbance mortality event with PFTs from table
4.2. Here we assume a power-law relationship with respect to PFT height, h, that is
chosen to mimic fire and water-stress mortality (a). Panels b and d show how the total
ecosystem carbon density changes across years since disturbance, with observations
of secondary succession pan-topical sites from TropForC-db (Anderson-Teixeira et al.,
2016). Brown/greens shows the respective duration (dark green: month, light green:
year, light brown: decade, dark brown: century) of the disturbance before recovery, with
colour opacity indicating the magnitude of the (mortality to height) disturbance power, φ
(the more opaque the greater |φ|). Panel c shows how the time-scale depends on this
power, along with the duration of the disturbance.
a power-law for mortality in relation to plant height, with equations (4.18-4.19),
while varying the power between 0 and 1/2 for water-stress and −1/2 to 0 for fire
(Figure 4.13.a). This is to capture different levels of size-mortality dependence
and to illustrate the importance of such demographic dependent processes can
have on ecosystem regrowth time-scales. For γws, having a higher power means
there is more mortality in the higher size classes. For γf , having a lower power
means that smaller plants are more vulnerable to fire.
After initialising to undisturbed equilibrium, we then run the forest in a period
of disturbance, where either γws or γf are added to the baseline mortality, γb of
different φ. The duration of the disturbance period lasts for one month, year, dec-
ade and a century. After this period, we no-longer apply the disturbance morality
and simulate the subsequent recovery to the pre-disturbance equilibrium (Figures
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4.13.b & d).
The skewness of disturbance mortality across height has a clear influence on
the regrowth time (Figure 4.13.c). Disturbances where taller trees are more at
risk, such as drought, see a clear correlation with regrowth time. The mortality
caused by droughts is more prolonged, hence the lesser rate of γws versus γf . We
see that for a major reduction in the carbon density, droughts must last more than
1 year, even with highly skewed mortality. This agrees with observations droughts
could take multiple years to cause sustained carbon loss (Doughty et al., 2015).
Having disturbances more likely to kill smaller trees will decrease regrowth
times to 90% of equilibrium biomass. A year long fire, where taller trees are sig-
nificantly less at risk than smaller trees, potentially results in a small reduction
in the total ecosystem carbon-density (Figure 4.13.d). This is because of the
allometric inequality in both assimilate and carbon density, as the majority of car-
bon and growth is stored in largest size-classes (Figure 2.5.b-c). Again, much
like the land-use abandonment instance, the gradient of regrowth followed by the
TropForC-db appears to be steeper within the first few decades. Another poten-
tial factor in recovery time will be frequency of the disturbance. Figure 4.13 only
shows the recovery from a single disturbance of varying severity and duration
rather than repeated instances disturbances. Repeat disturbances can severely
limit the ability of a forest to recover to the prior state (Heinrich et al., 2021).
4.7 Discussion
The princple focus of RED version 2 is to address of the shortcomings of the
original implementation of the RED model; mainly regrowth time-scales and PFT
diversity. Firstly, RED version 1 assumed a left-handed growth flux in-between
mass classes. This underplays the non-linear relationship of growth between mi
and mi+1. The result of this played into the numerical accuracy with respect to
the continuous solutions, shifting the size distribution to smaller masses (Figure
4.1), and underestimating the rate of regrowth as larger trees were not being re-
cruited as quickly (Figure 4.1). RED version 2 assumes a new flux in-between
masses, gf . gf is placed at the point between classes which minimises the differ-
ence between continuous and discrete solutions (Figure 4.3). This change also
provided better numerical convergence for the dynamic spin-up (Figure 4.2).
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RED version 1 had theoretical and practical challenges justifying certain as-
pects of the recruitment. The classic scheme used an arbitrary boundary mass
of m0 = 1 kgC for trees. New recruits would instantaneously be a tree of mass
m0, passing over important and potential interactions involving seeds. Seed sizes
could vary substantially depending on species; between a few micro grams up
to a few kilograms for the sea coconut, but are generally less than 1kgC (Igea
et al., 2017). We found that m0 was a overtly sensitive parameter in terms of the
recruitment flux, and had impacts on the dynamic time-scales (Figure 4.6.c). Ad-
ditionally, having RED version 1 start from a minimum vegetation fraction could
overestimate the time taken to spin up from bare soil, and could provide an addi-
tional arbitrary minimum competition by feeding back into equation (3.11) (Figure
4.6.e).
RED version 2 improves the realism of the recruitment boundary layer by in-
cluding an explicit seed pool. This enables more realistic dynamic processes to
be explicitly modelled on seeds, such as mortality or germination rates. ms, the
seed mass, can be estimated using empirical measurements. Secondly, we no
longer spin up from a minimum coverage but effectively model a minimum seed
density, which can be indicative of seed migration from outside the ecosystem.
The final improvement is the inclusion of diversity among PFT groups (e.g.
tree vs tree PFT). Lotka or space-exclusionary DGVMs have traditionally had is-
sues with maintaining co-existence (Arora and Boer, 2006; Scheiter et al., 2013).
This is because they have relied on competition coefficients, c, being 1 or 0, which
prohibits diversity in the steady-state. Having c < 1 provides diversity, but there
is a risk of breaking the hard-exclusion rule, this is because the total canopy area
can surpass the grid-box area (Figure 4.7). To get around this we must adjust
the coverage to account for canopy overlap. We do this by assuming a shared c
value for all PFTs within the same level of the original RED competitive hierarchy
(Table 4.1). This means that the total top-down coverage is given by a simple
mathematical relationship νTD = cν, which avoids breaking the hard-exclusion
rule, equation (4.12). Following the concept of METE (Harte, 2011), we assume
a shared competition coefficient of c = 0.78 which maximises the non-shared
coverage or species abundance (Figure 4.8).
The addition of the new numerical scheme, seed pool, and the diversity helps
RED version 2 make significant improvements in terms of regrowth over RED ver-
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sion 1 (Figure 4.11). When spinning up from the minimum boundary conditions,
RED version 2 gets faster convergence towards the equilibrium solution and faster
PFT succession. The addition of the seed pool allows for more nuanced model-
ling of secondary succession. For example, we can retain the equilibrium seed
density, while a disturbance removes the established plants and get significantly
quicker regrowth than primary succession (Figure 4.11.b).
For the final part of this chapter, we explore regrowth from land-use aban-
donment and disturbances within RED version 2. We compare with observa-
tions of carbon density and stand age from TropForC-db (Anderson-Teixeira et al.,
2016). The fraction of land-use prior to abandonment can have a significant con-
sequence for regrowth time-scales (Figure 4.12). In RED, the τ90 time-scale ap-
pears to follow a logit function with the amount of prior land-use. Above certain
critical levels of land-use (νLU > 0.8), the regrowth time is more asymptotic, trun-
cating at the time-scale of primary succession, roughly 390 years (Figure 4.12.b).
Compared to the TropForC sites, the regrowth time-scales can appear low but this
could be due to the small scale of the sites, thereby there is more significant seed
dispersal from outside the ecosystem, and the fact that some sites are plantations
with an initial distribution of vegetation. Therefore, for large-ecosystem and ESM
purposes it could be more reasonable to look at remotely sensed observations in
the future.
To simulate mortality-size interactions of fire and drought, we use a power
law relationship. To mimic observed correlations (Gora and Esquivel-Muelbert,
2021), we assume water-stress has a positive power with respect to plant height,
and in contrast fire mortality has a negative power. We then investigate by sim-
ulating the disturbances on an initial equilibrium state for the durations; a month,
year, decade and century, and vary the mortality-height power to see the result-
ant regrowth (Figure 4.13). We find a complex relationship with this disturbance
mortality-power, but in general the less at risk large trees are, the faster the re-
growth. This is because, as a result of allometric scaling, the majority of the
ecosystem growth and carbon density is within the largest size classes (Figure
2.5).
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4.8 Conclusion
RED version 2 represents a marked improvement of realism and theoretical scope
over RED version 1, while retaining the important model parsimony (Argles et al.,
2020). By including a mid-class flux, gf , we improve the numerical accuracy rel-
ative to the continuous equilibrium solution. The addition of the explicit seed pool
both establishes a physical lower boundary for recruitment, and gives more real-
istic regrowth, providing a framework to better investigate secondary succession.
By allowing vegetation to overlap in space (c < 1), we now have valid diverse
RED steady states.
In this chapter we also illustrate how the improved model and the analytical
equilibrium can be easily used in unison to investigate the resultant regrowth from
both land-use abandonment and disturbances, such as fire and drought. These
results also illustrate the importance of demography on secondary succession.
5 Extensions and Further Applications of
Demographic Equilibrium Theory
Rationale for Chapter
Using the RED recruitment and competition as a basis, here we present the con-
tinuous analogue for RED - Closed Form Demographic Equilibrium Theory (CF-
DET). In this chapter we explore how CF-DET could be used to infer ecosystem
resilience, optimality and demography and turnover estimated from macroscopic
quantities.
5.1 Background
We can increase the scope of DET by including a recruitment feedback, we call
this Closed Form - Demographic Equilibrium Theory (CF-DET), where the num-
ber of individuals recruited is proportional to the number of plants within the pop-
ulation. This method of recruitment has been used within dynamic models before
(Ribbens et al., 1994), but not devised in the form of analytical equilibrium. Let us
first assume that recruitment is a biological tax that has been applied to the total
carbon assimilate, P , with some fraction, α, going into recruitment assimilate, Ps,
with the remainder going into structural growth, G:
P = Ps +G, Ps = αP, G = (1− α)P. (5.1)
Ps represents any reproductive litter, such as fruit and seeds. Secondly, that the
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5.2 No seed pool
As in RED version 1 (Argles et al. (2020), chapter 3), we initially assume that the
total recruits directly enter into the population pool as small trees, without explicit
representation of germination or seeds. We use the hard-exclusion approximation
as the competitive constraint on space. Seeds cannot grow into already occupied
space, ν, and can only be established into free space, s. Therefore, the rate of








s = (1− ν). (5.4)
As already established under the previous chapter, at equilibrium the rate of re-
cruitment must equal the rate of total individuals removed by mortality, equation
(2.30); γN = n0g0. Given our assumptions about the total assimilate rate, equa-
































Substituting for ν for s gives us a separate definition for the equilibrium coverage
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5.3 Including a Seed Pool
We include the addition of the seed class from RED version 2. For this we assume
a given seed mass, ms, which is equivalent to m0. There are a few benefits for
doing this. As outlined in changes made in RED version 2 (Chapter 4), having an
explicit seed population pool expands the scope of the model and removes the
arbitrary cut-off of m0, that does not have a robust real-world counterpart.
At equilibrium the number of seeds, Ns, entering the pool is equal to the num-
ber of seeds leaving the pool. Seeds leave either by mortality, γs, or a germination
rate, rs, into the size-structure:
Ps
ms
= Ns (γs + rs) . (5.10)
Assuming seeds germinate into trees of identical mass, ms = m0, as previously
shown in equation (5.5), we can get Ps in terms of N . By using the relationship







NFg = Ns (γs + rs) . (5.11)
Another equilibrium constraint is that the rate of successful germination into trees
must be equal to the total number of tree deaths. Assuming successful seeds are
only allowed in free-space, s, we have:
γN = Nsrss, (5.12)








We now have all the relationships needed to find the equilibrium coverage. Sub-
















While we have added two new parameters, γs and rs, we can make some addi-
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tional assumptions that simplify the equilibrium solutions.
5.3.1 Growth/germination equivalence



















5.3.2 Seed/plant turnover equivalence











5.3.3 Immortal seeds or γs << rs
Assuming that γs → 0 yr−1 or that the germination rate is significantly greater
than the seed mortality rate, we find that the seed pool equation (5.14) becomes










The functional form given by equation (5.18) implies that the equilibrium coverage
can go below zero. This gives a critical region within µ0 and α space where a
forest is able to sustain itself:








Equation (5.19) implies that there is a balance of tree mortality, growth and recruit-
ment in which a forest is able to exists. By plotting out the equilibrium coverage
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versus µ1kgC and α, we find parameter region that sustains a forest (Figure 5.1). If
the turnover value, µ0, is too high and the corresponding α is small, then the size
profile is not sustainable. Low assimilate and low reproductive litter implies there
is never enough plants entering the population to counteract the loss of popula-
tion through mortality. By plotting out the equilibrium coverage versus µ1kgC and
α, we get an idea of allowed parameter space that sustains a forest.
Figure 5.1 hints at why we see different plant strategies in terms of the bal-
ance of these traits. A plant which contributes more to seeds, and thus less to
structural growth, has a wider tolerance to increasing µ0 or turnover. This is con-
trasted with plants that are long-lived and contribute a relatively small amount to
recruitment, and are thus more likely to have larger trees (Figure 2.4). Figure 5.1
also shows that the rate of seed germination and mortality, ms = 0.02kgC, is relat-
ively insensitive to low µ1kgC values in comparison to higher µ1kgC. Different rates
of seed turnover (solid, dashed-dotted, dashed and dotted black lines) converge
for low µ11kgC and diverge for at higher µ1kgC for the same coverage.
In a raised disturbance environment, such as increased frequency of fire and/or
drought caused by climate change, the per unit change in γ for the “Live Fast,
Spread Fast” strategy could potentially win out over PFTs that adhere to the “Live
Slow, Spread Slow” one. Potentially changing the species composition through
dieback (de L. Dantas et al., 2013; Beckman et al., 2018). We see that in high
disturbance regimes, successful species rely on high cost recruitment strategies
in fire regimes (Enright et al., 2014) and droughts (Suarez and Kitzberger, 2008),
such as shrubs or grasses.
Another anthropogenic interaction is how growth and mortality (Bugmann and
Bigler, 2011; Friend et al., 2014) may change with increased CO2 fertilisation and
the impact on the composition of a forest (Feeley et al., 2011). It is understood
that demographic interactions play an important role in the response (Needham
et al., 2020).
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Forest Equilbrium Coverage - Critical Demographic Space
s = 0 yr 1
s / rs = 0
2 s / rs = 0
3 s / rs = 0
Figure 5.1: How equilibrium forest coverage, ν, varies with the turnover parameter, µ1kgC,
and assimilate reseed fraction, α. Using the previous figure 2.1 as a guide, we see
critical regions of where a forest may begin to fragment (yellow) or even disappear (red)
at equilibrium for a combination of mortality and growths. Dotted line to solid line indicates
various rates of seed germination and mortality, relative to µ0.
5.5 Forest Quantities in CF-DET
Using the boundary constraint on coverage it is possible to derive the total allo-
metric quantities of Z in terms of α rather than total number density N and µ0.
The total coverage is given by integrating over the crown area across size by
equation (2.50), and also by competitive relationships from the earlier sections.





Looking at the no seed pool instance, equation (5.8), we can find the equilibrium
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This naturally leads into a general relationships in terms of a allometric variable.
For this we use the dummy z notation from section 2.2, with Z being the total
quantity density and φz being the allometric scaling exponent in relation to mass.
When we substitute equation (5.20) into equation (2.39) we can find the ecosys-







The total quantity can vary substantially across µ0 and α space dependent on
the balance between the scaling coefficients; φg, φa and φz. Let us consider
how φz and Z may vary if we assume constant parameter values for the terms;
φg = 3/4, φa = 1/2, α = 0.05. For this we consider the dimensionless ratio
of Za0/z0 plotted against φz, to more easily demonstrate the dependency of Z
with the given parameters (Figure 5.2.a). If the quantity scales faster than the
crown area, φz > φa, that quantity is area-weighted towards larger plants. For
instance, ecosystem biomass or growth, are maximised when µ0 → 0 and the
size-structure approaches self-thinning rules. At low µ0 high coverages, this can
increase super-linearly (Figure 5.2.b).
An allometric exponent which has φz = φa will have a linear proportionality with
respect to coverage. As we expect from equation (5.22) Z goes to Z = z0/a0ν. A
allometric variable which has φz < φa we will get a non-monotonic function with
respect to µ0, α and ν (Figure 5.2.c). There will be an optimum µ0 to maxmises
the quantity within an ecosystem. For instance, natural forests typically maximise
the stand density when the coverage less than 100% (Lieberman et al., 1995;
Sprintsin et al., 2009). This could imply that tree species may have evolved to
maximise for number density within their ecosystems.
129






























1kgC = 0.235, = 0.05,
a1kgC = 0.5m2, ms = 0.02kgC
a) Dimensionless Quantity versus Scaling













b) Dimensionless Quantity versus turn-over
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Figure 5.2: How a allometric quantity varies across reproduction, growth and mortality
under CF-DET (c-e). For an arbitrary dimensionless quantity, equation (5.22), we see
how the quantity varies with respect to the allometric power, φz (a). φz also affects the
general shape of the quantity relative to the turnover (b).
5.6 Estimations using CF-DET
Given the low number of parameters in CF-DET, chiefly µ0 and α, it is possible to
infer from observations of forest quantities such total biomass, coverage, or aver-
age height, the necessary demographic size-distribution. Given α and assumed
allometric constants, a0 and m0, we can solve for the µ0 that is consistent with the
observations. In this section we will outline a few examples of where this could
be of benefit; for evaluations at site, regional, and global scales.
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5.6.1 Pan-tropical Carbon Density
Using TropForC-db observations of pan-tropical forests Anderson-Teixeira et al.
(2016), we can find µ0 consistent with the carbon density measurements. We first
filter for old-growth sites with measurements of carbon densities. We can expand
the number of sites by employing the method used in chapter 4, by converting
from measurements of total, above and bellow ground biomass to total carbon
density.
Assuming a seed pool of equivalent turnover with µ0, equation (5.17), we take
















Let us assume that φg = 3/4, φa = 1/2, m0 = 0.02 kgC, a1kgC = 0.5 m2, and α =
0.03. We then iterate the difference between equation (5.23) and the observations
to find the necessary µ1kgC for equivalence.
Additionally, we can compare the TropForC-db fits of µ1kgC to the fitted estim-
ates of the RAINFOR sites (Moore et al., 2020). Figure 5.3 shows the results
across µ1kgC and α space. From this, we see that CF-DET can also imply other
forest properties; stand density, coverage and seed density. Which allows us to
get to the underlying size-structure across mass (Figure 5.3). Using such com-
binations of datasets it may be possible to constrain areas within this parameter
space. Such a constraint would help with research to see if forest optimise a
particular characteristic (Figure 5.2).
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Figure 5.3: Distribution of α vs µ1kgC space for (a) carbon density, (b) stand density, (c)
seed density and (d) coverage, along with fitted parameter values for µ1kgC. The black
markers are inferred from observations of pan-tropical carbon densities from TropForC-
db (Anderson-Teixeira et al., 2016). The red lines is the median and range of the µ1kgC






























TropForC-db CF-DET fit distributions
Figure 5.4: CF-DET fitted number density (blue) for the TropForC-db carbon density
measurements.
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5.6.2 The Forest Carbon Budget of Great Britain
To demonstrate the feasibility of CF-DET at a regional level, in this section we
make a comparison of regional totals of carbon between CF-DET and inventory
data for Great Britain. We fit µ0 to equation (5.8) to get the tree cover to match
the 0.05◦×0.05◦ degree observational data from the NASAs MODIS-VCF for 2011
(Figure 5.5.a) (Hansen and Song, 2018). We use the parameters α = 0.1, a0 =
0.5 m2, and m0 = 1 kgC, we then use equation (5.23) for the carbon density but















The total region carbon is given by summing the product of the grid-box area and
the carbon density at each grid-box.
Figure 5.5: Comparing remotely sensed MODIS tree cover fraction (Hansen and Song,
2018) (a), along with inverted CF-DET Carbon Density (b). Panel (c) shows the compari-
sion between aggregate carbon stock inventory against CF-DET (RED) for the nations in
Great Britain.
When compared with total carbon from the UK National Forest Inventory (NFI)
for the year of 2011 (Jenkins et al., 2011), the CF-DET carbon density is close
to these bottom-up census for each country within GB. Although does generally
overestimate (Figure 5.5.c). This could partly be due to forests not being in equi-
librium.
1This test was done before the implementation of the RED version 2 seed pool. Hence we use
older parameter values (Chapter 3).
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5.6.3 Global Forest Carbon Turnover
A final example inverting the CF-DET equations, is estimating carbon residency
times, τ . τ is a quantity that measures the duration of carbon within a system,
that is a useful measure for evaluating remotely sensed observations to ESM
and DGVMs (Carvalhais et al., 2014; Koven et al., 2015; Erb et al., 2016; Wu
et al., 2018; Forkel et al., 2019; Pugh et al., 2020). For instance, Carvalhais et al.
(2014) found that the CMIP5 models predict faster than expected turnover for arid
regions for both the vegetation and soil pools. τ is typically measured by dividing





Equation (5.25) is only valid when the ecosystem is in equilibrium. The assump-
tion of equilibrium is not consistent with observations in certain instances; Erb
et al. (2016) found that this is especially true in areas of heavy land-use.
To demonstrate how CF-DET can be used to find the carbon turnover, we
combine the 0.05◦ × 0.05◦ MODIS tree cover fraction data (Hansen and Song,
2018), with unscaled 1km × 1km resolution MODIS NPP data (Running et al.,
2015), that is averaged between 2000-10. We then assume the same parameters
used in the previous section; α = 0.1, a0 = 0.5 m2 and m0 = 1 kgC. Solving for the
coverage using equation (5.8), we infer the CF-DET carbon density. After this we
then divide by the observed ΠNPP to find the τ required for equilibrium to be true.
Figure 5.6 shows the CF-DET carbon residency time globally. Some savannah
and areas of heavy land-use, such as the south east of Brazil and Southern and
Eastern Africa, suggest a very quick duration of carbon passing through forests.
There are large carbon residency times in tropical forests such as the Amazon
but also in arid-desert regions such as across Sahel or in Western India. Com-
pared with earlier studies this approach captures a similar spatial distribution,
but overestimates the magnitude in tropical forests (Carvalhais et al., 2014; Pugh
et al., 2020). As in section 5.6.2, this could partly be due to overestimation of the
biomass due to some forests not being in equilibrium.
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Figure 5.6: Global carbon residency times for vegetation produced by fitting CF-DET
coverage against MODIS tree cover fraction for the years of 2000-2010 (Hansen and
Song, 2018). The Carbon density was then divided by up-scaled observed NPP (Running
et al., 2015) using equation (5.25).
5.7 Conclusion
CF-DET attempts to relate the large scale attributes of a forest to size-structured
demography. It has been formulated by closing DET by including a reproductive
feedback, equation (5.3), and assuming that a fraction of assimilate, α, goes into
reproduction. CF-DET also provides a simple framework to understand how dy-
namical forests perform at equilibrium, and helps us answer what rates of turnover
and fecundity are sustainable in the long-run (Figure 5.1).
CF-DET, being an expansion of DET, is consistent with the latter validation of
fitted Weibull distribution (Moore et al., 2018, 2020). It also provides a broad num-
ber of analytical solutions for total ecosystem quantities, such as carbon density
(section 5.5). CF-DET has the potential to constrain forest turnover and recruit-
ment with measurements of demography or ecosystem totals from sites (section
5.6.1) or from remote sensing.
We provide examples of how the analytical solutions of CF-DET can be com-
bined with remotely sensed measurements. Using MODIS tree coverage (Hansen
and Song, 2018) data we invert the coverage equation 5.8 to find µ0. This can
provide us regional carbon density measurements that can be compared with na-
tional surveys. Additionally, when also used with MODIS NPP measurements
(Running et al., 2015), CF-DET can estimate implied carbon residency times
globally (Figure 5.6).
The low number of parameters and analytical equations of CF-DET, when
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contrasted with the dynamical models, allows for both direct comparison with the
resolution of remotely sensed data and inventory data.
6 Conclusions
Rationale for Chapter
This chapter summarises the conclusion of this thesis and identifies promising
directions for future research.
In Chapter 1, we reviewed the motivation and issues of modelling vegetation at
large scale, and from this derive the overall objectives for the thesis. The climate
and vegetation have many significant interactions (Cox et al., 2000; Friedlingstein
et al., 2001). Plants influence surface albedo, and the carbon & hydrological
cycle (Sellers and Dorman, 1987; Bond et al., 2008; Friedlingstein et al., 2020).
Environmental, (e.g. fire & drought) and human factors (e.g. land-use change)
can impact the resilience of forest ecosystems. This inter-dependency leads to
uncertainty in ESM for climate protections that arise from Dynamic Global Veget-
ation Models (DGVMs) (Arora et al. (2020) & figure 1.1).
It is understood that plant size and age play a major role in some of these
processes, such as carbon sequestration (West et al., 1997), and disturbances
such as fire or drought (Gora and Esquivel-Muelbert, 2021). Yet a large number
of popular DGVMs have to compromise for modelling at large scales or simply
do not represent plant size or age at all. Cohort DGVMs represent an intermedi-
ate complexity approach between the simplicity of area-averaged and individual
based models. As a result, cohort DGVMs are becoming more frequent in use
(Figure 1.2). These use demography through size and/or age classes to capture
both small and large scale processes (Fisher et al., 2018).
This thesis reports on the development of the Robust Ecosystem Demography
(RED) model, that uniquely focuses only on plant size as the single demographic
dimension (Moore, 2016; Argles et al., 2020). To that end we use two initial
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principles for large scale vegetation dynamics, firstly, that the geographic distribu-
tion of vegetation at equilibrium is governed by climatic and human factors, and
secondly, competition across space can be captured using the hard exclusion
approximation. From these initial assumptions we set out to model demography
of forests at large scales using two objectives. Firstly, what statistical and demo-
graphic theories are used to mathematically explain the distribution of trees within
forests and how does this inform us on the characteristics, such as the distribution
of carbon biomass within forests. Secondly, to further develop the Robust Eco-
system Demography (RED) Dynamic Global Vegetation Model. The goal for RED
is to develop a demographic model which occupies the middle ground of com-
plexity, which is tractable enough to allow for easy future development of other
dynamic processes.
6.1 Analysis of the demography of forests
In chapter 2, we showed that Demographic Equilibrium Theory (DET) is ad-
equate for explaining observed regional forest demography. This suggests that
the forest size structure at equilibrium arises through Metabolic Scaling Theory
(MST) (West et al., 1997) and size-invariant mortality. Under these assumptions,
the Fokker-Plank equation, which describes the change of number density across
size, integrates to give a truncated a Weibull distribution. Not only is DET able
to explain the emergence of the self-thinning power-law, but in addition it is also
able to explain the sharper decline in number density for larger trees. This result
has been validated across a variety of regions and situations; for USDA forest in-
ventory data in North American (Moore et al., 2018) and RAINFOR sites in South
America (Moore et al., 2020).
To answer how much carbon is stored and how this arises through demo-
graphy, we integrated the DET curve with respect to power-law allometric func-
tions for mass, height, basal diameter and crown area. This combination of DET
and allometry yields further relationships for total and average ecosystem prop-
erties, such as the total carbon density or average plant height (section 2.2.2). A
unique feature of this is that we can also see how such quantities are distributed
within a forest. From this solution and the RAINFOR fits, we see that forest cov-
erage, growth and carbon density are skewed towards larger trees, the skewness
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of which depends on the allometric power and tree turnover rates (Figure 2.5).
Therefore, by the power of physical scaling of growth and mortality, forests are
inherently unequal ecosystems in many qualities.
In chapter 5, we took forest equilibrium further by deriving an expanded the-
ory: Closed-Form Demographic Equilibrium Theory (CF-DET). CF-DET is based
on combining the continuous DET solutions with the recruitment and competitive
constraints of the RED model. This theory allows us to see how forest cover-
age depends on recruitment and turnover, through two critical parameters α vs
µ0 and detail regions of this parameter space which are unsustainable (Figure
5.1). When combined with allometric scaling, CF-DET may suggest natural op-
timisations for certain variables, such as height, leaf area index or number density
(Figure 5.2). We also demonstrated how such a theory can use remote sensing
to infer large-scale demography and carbon densities.
6.2 Development of the RED model
As a foundation we take the assumptions of DET; MST and size invariant mortal-
ity, as a basis to model how the forest size-structure may change through time.
Chapter 3 is an adapted version of the RED model paper (Argles et al., 2020).
For the RED DGVM we partition plants onto carbon mass classes and use MST
and PFT allometric functions of growth and canopy area to scale between eco-
system totals, and disaggregate onto classes. For recruitment RED assumes a
proportion, α, of the total ecosystem carbon assimilate, P , is used for spreading
plants of mass m0. PFT seedlings are limited to the space they can expand into
by a TRIFFID like (Cox, 2001) competition hierarchy (Figure 3.1 & table 3.3). As
known in the literature (Arora and Boer, 2006), this form of competition results
in the limiting of forest diversity at equilibrium. RED is designed to be modular,
allowing for easy integration into ESM (Figure 3.2). As RED is consistent with
CF-DET, we can use semi-analytical approaches to find the necessary mortality
rates to be consistent with observed global PFT distributions (Figure 3.5).
In RED version 2, we seeked to address some remaining issues within version
1. Issues concerned the implementation of the numerics, the recruitment, and
PFT diversity. To improve the numerics we modified the population flux-scheme,
making the model more consistent with the continuous equilibrium solutions of
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CF-DET (Figure 4.3). We also reduce the reliance on arbitrary parameters (such
as m0 and νmin) at the recruitment boundary, by introducing an explicit seed pool.
This expands, for little cost in complexity, the scope of the model. Both the new
flux scheme and seed pool improve the realism of ecosystem dynamics by de-
creasing regrowth times (Figure 4.9 & 4.10). Additionally we change the compet-
ition coefficient to be less than one; c < 1, selecting a value which maximises the
diversity (Figure 4.8). This allows for more PFTs to coexist in the steady state,
while increasing inter-PFT succession (Figure 4.11).
Using RED version 2, we performed a simulation of forest regrowth follow-
ing abandonment from land-use (Figure 4.12). We also simulated size depend-
ent drought and fire disturbances (Figure 4.13. This was done to highlight the
importance of demographic processes on regrowth time-scales and to provide
an example of how RED would perform using additional disturbance mortality.
The results suggest that disturbances which target larger trees, i.e. long-term
droughts through water-stress, would significantly impair the forest rate of recov-
ery to the steady state biomass. As demonstrated earlier by the combination of
DET and allometry, this is because most of the growth and carbon density of a
forest is within the biggest size classes.
6.3 Areas of future study
With CF-DET and RED version 2, we now have a strong framework to explore
multiple avenues of interests. The analytical solutions of forest equilibrium provided
by CF-DET offer a simple method to investigate critical rates of forest transition.
The theory suggests there is an inherent optimality for forest that exists due to
combinations of recruitment and turnover.
The most urgent practical matter is now to fully integrate RED into an ESM.
RED will also be implemented into future versions of the UKESM model (Kelley
et al., 2021). There is also a significant amount of parallel work going to cap-
ture wildfires (Burton et al., 2019), drought (Eller et al., 2018, 2020; Jones et al.,
2020) and land-use transitions (Littleton et al., 2020) within JULES. The demo-
graphy offered by RED will improve the representation of the vegetation response
to these disturbances. RED can also be used to model how countries may meet
there net zero targets through afforestation and reforestation. For instance, in
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the UK this could involve parametrisation of RED for native and plantation tree
species (Bateman et al., 2021). Applications of CF-DET and JULES-RED have
the potential to improve the understanding and prediction of how forests will re-
spond to the combined pressures of land-use change, CO2 increases and climate
change in the future. For example, CF-DET allows us to clearly visualise the im-
portant traits which gives a forest its resilience (Figure 5.1), while JULES-RED
coupled will give us environmental projections of ecosystem resilience globally.
A Optimising mass binning for RED
Inevitably discretised models will not exactly reproduce exact continuum analyt-
ical solutions, as a result of numerical inaccuracies that arise from using a finite
number of mass classes. However, where exact analytical solutions exist they can
be used to benchmark numerical models and optimise discretisation schemes,
which is what we set out to do in this appendix. We compare the continuum
analytical solution for the equilibrium coverage, equation 5.9, to results from RED
with differing numbers of mass classes mi and a geometric mass class scaling,
mi+1 = ξmi. Figure A.1.a shows how the relationship between νeq varies with µ0
for the exact continuum solution (black line) and variants of the numerical version
of RED with different numbers of mass classes (coloured lines). As hoped, res-
ults from the discretised model converge on the exact solution as the number of
mass classes increases.
The numerical versions of RED shown in figure A.1(a) each use a value of ξ that
is near optimum for the number of mass classes, as shown in panels (b) and (c)
of figure A.1. Optimum ξ values reduce from about 2.3 for 10 mass classes to 1.1
for 100 mass classes. This variation results from a trade-off. For a given number
of mass classes, small values of ξ give greater numerical accuracy, but explicitly
model less of the mass range, and the opposite is true of large ξ values. As a
result, optimum values of ξ an be defined for each number of mass classes as
outlined below.
For geometric scaling any mass can be expressed in terms of m0, by writing
mi = m0(ξ)
i. Therefore, by using mi+1 − mi = m0(ξ)i(ξ − 1), we find that our
equilibrium form of λi is reduced to:
λi =
ξ(φg−1)(i−1)
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Figure A.1: Comparison of the discretised model to the continuum analytical solution,
showing convergence for higher numbers of mass classes. This example uses paramet-
ers for Broadleaf Evergreen Tropical trees (BET-Tr PFT) with α = 0.1: (a) equilibrium
coverage νeq versus µ0 for the exact continuum solution (black line) and discretisations of
the mass dimension with varying numbers of mass classes and mass class width scaling
(ξ); (b) absolute error in the modelled value of νeq against the number of mass classes us-
ing the optimum value of ξ for each case; (c) optimum ξ versus number of mass classes,
with contours showing the absolute error in νeq. Panels (b) and (c) assume µ0 = 0.25.
The white dots in (c) have the same number of classes and scaling as the discrete lines
in (a).
From figure A.1.c we see that there is an optimum value for ξ, the geometric
scaling for a given number of classes, which minimises the difference between
the continuous and discrete forms. This can be found by taking the difference of
the continuous and discrete coverages and differentiating with respect to ξ to find








where νeq corresponds with the discrete equilibrium, equation (3.31), with νeq =
(1− s)). Setting equation (A.2) equal to zero we reduce the relationship to only a
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Finding λ′i we get:
λ′i = λi
[
(1− i)(φg − 1)ξ−1 − λi
(
i(φg − 1)ξφg−2 + µ0ξ(i−1)(1−φg)
)]
(A.6)
and for the top class, λ′I :
λ′I =
(




To numerically solve for the minimum, we must differentiate equation (A.3), with
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λi(φg − 1)ξ−1
(
i(φg − 1)ξφg−2 − µ0(i− 1)ξ(i−1)(1−φg)
)
] (A.11)
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We now possess the identities needed to numerically find the optimum bin scaling
for a given number of classes. In figure A.1.c the optimum scaling, ξ, is shown as
APPENDIX A. OPTIMISING MASS BINNING FOR RED 144
the solid black line.
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B Sensitivity of Diagnosed Mortality
Rates to Model Parameters
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 Sensitivity
Figure B.1: The sensitivity of the mortality rate to assumed input variables: coverage, νeq
(a), and carbon assimilate rate, Peq (b), and model parameters: reseed fraction, α (c) and
boundary mass, m0 (d). The solid black line indicates the fixed values with corresponding
±20% (b,c,d) or ±5% (a) variation (dotted black lines).
The diagnosed mortality rates in figure 3.6 are sensitive to variation in model
inputs and parameters. The mortality rate, γ, can be found for the continuous
solutions by rearranging the boundary condition equation (3.11), and substituting
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The key external inputs to this equation are the observed PFT fraction νeq and the
net assimilate Peq. In addition, our estimates of γ are dependent on the internal
model parameters, α and m0.
The red lines in figure B.1 demonstrate how the estimate of γ depends on these
four inputs. The black dashed lines in figure B.1 indicate how uncertainties in each
input relate to uncertainties in γ, for ‘true’ values typical of a tree PFT. We estimate
uncertainties in the observed PFT fraction (e.g. from remote-sensing) to be ±5%,
and uncertainties in P (e.g. from JULES) to be ±20%, leading to errors of ±17%
and ±20% respectively. Likewise, ±20% uncertainties in the internal parameters
α and m0 lead to ±12% and ±20% uncertainties in γ. Combining these sources
of uncertainty leads to an overall uncertainty in our inferred estimate of γ of about
±35%.
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